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ABSTRACT

Recent advances in manufacturing of multifunctional materials have provided
opportunities to develop structures that possess superior mechanical properties with other
concurrent capabilities such as sensing, self-healing, electromagnetic and heat
functionality. The idea is to fabricate components that can integrate multiple capabilities
in order to develop lighter and more efficient structures. In this regard, due to their
combined structural and electrical functionalities, electrically conductive carbon fiber
reinforced polymer (CFRP) matrix composites have been used in a wide variety of
applications in most of which they are exposed to unwanted impact-like mechanical
loads. Experimental data have suggested that the application of an electromagnetic field
at the moment of the impact can significantly reduce the damage in CFRP composites.
However, the observations still need to be investigated carefully for practical
applications. Furthermore, as the nature of the interactions between the electro-magneto-
thermo-mechanical fields is very complicated, no analytical solutions can be found in the
literature for the problem.

In the present thesis, the effects of coupling between the electromagnetic and
mechanical fields in electrically conductive anisotropic composite plates are studied. In
particular, carbon fiber polymer matrix (CFRP) composites subjected to an impact-like
mechanical load, pulsed electric current, and immersed in the magnetic field of constant
magnitude are considered. The analysis is based on simultaneous solving of the system of
nonlinear partial differential equations, including equations of motion and Maxwell’s
equations. Physics-based hypotheses for electro-magneto-mechanical coupling in
transversely isotropic composite plates and dimension reduction solution procedures for
the nonlinear system of the governing equations have been used to reduce the three-

dimensional system to a two-dimensional (2D) form. A numerical solution procedure for
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the resulting 2D nonlinear mixed system of hyperbolic and parabolic partial differential
equations has been developed, which consists of a sequential application of time and
spatial integrations and quasilinearization. Extensive computational analysis of the
response of the CFRP composite plates subjected to concurrent applications of different
electromagnetic and mechanical loads has been conducted. The results of this work verify
the results of the previous experimental studies on the subject and yield some suggestions
for the characteristics of the electromagnetic load to create an optimum impact response

of the composite.
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ABSTRACT

Recent advances in manufacturing of multifunctional materials have provided
opportunities to develop structures that possess superior mechanical properties with other
concurrent capabilities such as sensing, self-healing, electromagnetic and heat
functionality. The idea is to fabricate components that can integrate multiple capabilities
in order to develop lighter and more efficient structures. In this regard, due to their
combined structural and electrical functionalities, electrically conductive carbon fiber
reinforced polymer (CFRP) matrix composites have been used in a wide variety of
applications in most of which they are exposed to unwanted impact-like mechanical
loads. Experimental data have suggested that the application of an electromagnetic field
at the moment of the impact can significantly reduce the damage in CFRP composites.
However, the observations still need to be investigated carefully for practical
applications. Furthermore, as the nature of the interactions between the electro-magneto-
thermo-mechanical fields is very complicated, no analytical solutions can be found in the
literature for the problem.

In the present thesis, the effects of coupling between the electromagnetic and
mechanical fields in electrically conductive anisotropic composite plates are studied. In
particular, carbon fiber polymer matrix (CFRP) composites subjected to an impact-like
mechanical load, pulsed electric current, and immersed in the magnetic field of constant
magnitude are considered. The analysis is based on simultaneous solving of the system of
nonlinear partial differential equations, including equations of motion and Maxwell’s
equations. Physics-based hypotheses for electro-magneto-mechanical coupling in
transversely isotropic composite plates and dimension reduction solution procedures for
the nonlinear system of the governing equations have been used to reduce the three-

dimensional system to a two-dimensional (2D) form. A numerical solution procedure for
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the resulting 2D nonlinear mixed system of hyperbolic and parabolic partial differential
equations has been developed, which consists of a sequential application of time and
spatial integrations and quasilinearization. Extensive computational analysis of the
response of the CFRP composite plates subjected to concurrent applications of different
electromagnetic and mechanical loads has been conducted. The results of this work verify
the results of the previous experimental studies on the subject and yield some suggestions
for the characteristics of the electromagnetic load to create an optimum impact response

of the composite.
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CHAPTER 1
INTRODUCTION

1.1 Background Information

Today’s technology relies heavily on the use of the so-called hybrid materials that
allow for achieving advanced structural and functional capabilities. In this respect,
composite materials are particularly recognized as ones that have a significant impact on
the development of a variety of industries, energy conservation efforts, and many other
aspects of our lives. In particular, composite materials are widely used in the aerospace
industry. Over the last several decades, major advances have been achieved in improving
strength-to-weight and stiffness-to-weight ratios of aerospace structures through
improvements in the material properties of composite constituents, manufacturing and
fabrication techniques, as well as structural analysis and design optimization. As a result,
significant cost savings were attained, for instance, in the space structures where the
structural mass was reduced from more than 20% of the total mass to less than 5% of the
total mass in the last several decades. At the same time, further improvements in structure
weight savings due to the use of composite materials are limited, and new technologies
are required for subsequent improvements in aerospace systems efficiency.

The next major breakthrough in aerospace technologies is anticipated to occur
with the emergence of a new generation of multifunctional materials and structural
systems, which are envisioned as being able to perform simultaneously a set of
specialized functions, traditionally designated to separate subcomponents. Of particular
interest to aerospace applications are materials that, in addition to carrying out structural
functions, can provide sensing and self-healing capabilities, radiation and

electromagnetic interference (EMI) protection, energy storage and conversion, damage
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protection, vibrations damping, etc. Composite materials lend themselves naturally to the
concept of multifunctionality because of their multiphase nature and inherent
tailorability. At the same time, advancements in the design of the multifunctional
composite structures require significant strengthening of the scientific base and
expanding of our understanding of complex interactions of multiple physical phenomena,
which lead to the desired multifunctionality. In this context, composite materials present
rich possibilities for development of multifunctional and functionally adaptive structures
where multifunctionality can be achieved through interaction of mechanical,

electromagnetic, thermal, and other fields.

1.2 Motivation

This thesis is motivated by studies of Telitchev et al. [1, 2] and Sierakowski et al.
[3], who investigated the impact response of electrified carbon fiber polymer matrix
composites and showed that impact resistance of composites can be improved by
subjecting them to electrical load at the moment of impact. It was noticed that the
magnitude of the applied electric current had a considerable effect on the propagation of
impact damage in the composite: the stronger was the applied current, the less impact
damage was observed in the experiments. These experimental observations stimulated the
present study on the modeling of dynamic interactions of electromagnetic and mechanical

fields in anisotropic electrically conductive composites.
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1.3 Thesis Objectives

The main goal of this thesis was to develop a mathematical framework and
solution procedures for solving nonlinear coupled problems in electrically conductive
anisotropic composites subjected to electromagnetic and mechanical fields.

Specific research objectives were the following:

1. To develop the mathematically rigorous formulation for the response of
anisotropic electrically conductive composite plates subjected to dynamic
mechanical and electromagnetic loads.

2. To develop efficient numerical solution procedures for solving nonlinear coupled
dynamic problems in the anisotropic electrically conductive composite plates
subjected to mechanical and electromagnetic loads.

3. To elucidate the effects of dynamic interactions of mechanical, electromagnetic,
and associated thermal fields in carbon fiber polymer matrix composites through

extensive computational analysis.
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CHAPTER 2
LITERATURE REVIEW

2.1 Multifunctionality

Since the last decade, the tendency of the engineering community has turned
towards the development of materials that have the capability of performing multiple
tasks simultaneously and can be employed in different applications. The need of
manufacturing such efficient multifunctional structures has resulted in developing
advanced materials such as smart materials, Micro-Electro-Mechanicals systems
(MEMs), multifunctional materials, nano-materials, bio-composites, environmentally-
friendly composites, Nano-Electro-Mechanical systems (NEMSs), etc. The efforts to
develop high performance systems have been followed by two major criteria: attaining of
maximum specific load-carrying capability and incorporation of multiple functionalities
in the structure with minimum weight penalties. Apart from these two goals, engineers
are also being challenged by the affordability and environmentally friendliness of
products.

Multifunctional structures have been developed in desire to reach superior
combinations of better performance, higher strength, and lower weight together with
other specific properties such as corrosion resistance, energy absorption, sensing, heat
resistance, radiation protection, thermal and electrical conductivity, power generation,
and so forth. In other words, a single component is designed such that it can serve several
primary functions simultaneously or sequentially, mainly to improve efficiency and
reduce size and weight in critical systems by the elimination of redundancies. The major
trusts in this area are in the direction of creating lighter and smaller automatic systems,

adaptive structures and self-sustaining systems.
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According to the definition, composite materials are the combination of at least
two materials with different properties that form a new material with new desired
properties which are not independently obtainable by each constituent. Taking into
account the presence of discrete phases and the intrinsic anisotropy in such materials, it is
reasonable to consider a composite or hybrid of several materials to have the tremendous
potential to achieve multifunctionality. In other words, composites are ideal candidates
for structural components with several integrated functionalities and it can be claimed
that multifunctional materials have to be composite materials [4].

The integrated functionalities of the multifunctional materials can be categorized
into multiple structural functionalities and the combination of structural and non-

structural functionalities [4].

2.2 Multi-Structural Functionalities

In many applications, the structure needs to simultaneously provide a combination
of two or multiple high level structural functions such as tensile/compression strength,
fracture toughness, elastic modulus, interfacial and/or interlaminar shear strength,
durability, vibration damping, oxidation resistance and so forth. For this purpose, the
material can be constructed as conventional composites with micron-scale reinforcement
or new mutiscale hybrid micro/nanocomposites which incorporate nano-reinforcements
as well as conventional fiber or particle reinforcements [4].

In a wide variety of applications, structural damping is a critical issue to control
the dynamic stability, increase the fatigue life, and improve maneuverability.
Simultaneous improvements in laminate strength and stiffness as well as structural
damping were reported by Koratkar et al. [5] by incorporating nanofilm inter-layers

within a composite laminate. Each thin nanofilm is comprised of a dense network of
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highly interlinked multi-walled carbon mamotubes (MWNTS) that fabricated employing
the catalytic chemical vapor deposition (CVD) technique. The experiments on bending
properties of the composite beam showed that the powerful interactions between the
nanotube clusters produce significant energy dissipation which results in up to 200%
increase in the structural damping. The bending stiffness is also improved about 30% due
to the corsslinks between the MWNTS that simplify the load transferring within the films.

It is suggested to add nanoscale reinforcements to a polymer matrix to provide
enhanced mechanical, electrical and thermal properties. In this respect, carbon nanotubes
(CNTys), first discovered by lijima [6], have been widely utilized in fabrication of
nanocomposites due to their extraordinary properties such as high aspect ratio, high
specific strength and stiffness, thermal and electrical conductivities, flexibility,
exceptional resilience, high stability, etc. [7-11]. Carbon nanotubes are cylindrical sheets
of graphite with a very high aspect ratio (>1000) that can be synthesized in two forms of
single-walled and multi-walled [7, 12, 13]. The elastic modulus of CNTs can be five
times of the modulus of steel [13-16], the tensile strength may be up to 200 times larger
[13, 17, 18]. The thermal conductivity of MWNTSs (about 3000 W/mK measured by Kim
et al. [19]) can be more than seven times larger than that of copper while this value is
more than sixteen times for SWNTSs (about 6600 W/mK reported by Berber et al. [20]).
Moreover, CNTs can be fabricated to be electrically semiconductive or conductive [13,
21]. The addition of very small amount of carbon nanotubes to a polymer matrix can
considerably enhance the properties of the composite [16]. Moreover, the mechanical
properties of a nanocomposite such as stiffness, yield strength and fracture toughness can
be improved by increasing the CNT content [13], but this is not always effective [11, 16].
The stress transfer and failure mechanisms of such CNT-based composites are very
complex and still under investigation although some aspects are comparable to those of
fiber reinforced composites [22]. Furthermore, in order to take full advantage of the

properties of CNTs, two main factors should be considered carefully during the
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fabrication processing of nanocomposites: dispersion and alignment of the nanotubes in
the matrix [23, 24]. It is important to homogenously disperse the carbon nanotubes
throughout the matrix while the integrity of the CNTSs is preserved [10, 11]. Moreover,
the alignment of nanotubes can highly enhance some properties of the nanocomposite,
especially the thermal and electrical conductivities. Nanotubes can be further aligned by
employing some techniques such as magnetic field processing [24]. Allaoui et al. [16]
demonstrated that increasing the content of carbon nanotubes in the random distribution
form would not improve the mechanical properties of the polymer matrix.

By using nanoscale reinforcements in combination with microscale fibers, it is
made possible for scientists to add the extraordinary properties of the nanomaterials to
those of a conventional composite and obtain a multiscale hybrid composite material. In
this regard, many researchers have investigated and proposed new techniques to grow
carbon nanotubes on different substrates such as carbon fibers, carbon cloth, carbon
mat/felt, graphite coil to fabricate new hybrid composites with desired properties [25-
31]. It is proved that he amount and growth pattern of the CNTs introduced to the hybrid
composite, which influence the mechanical behavior of the multiscale composite, highly
depends on the type of the substrate [31]. Moreover, the interfacial bonding between the
CNTs and the polymer matrix governs the effectiveness of the load transfer mechanism.

Figure 1 shows the scanning electron microscopy (SEM) and transmission
electron microscopy (TEM) image of a uniform long and entangled MWNT layer grown
on a carbon fiber at 900°C.

An example of such attempts to tailor the mechanical properties of composites is
the multiscale hybrid material developed by Thostenson et al. [32]. They used the
chemical vapor decomposition (CVD) technique in order to grow carbon nanotubes on
carbon fibers in a polymer matrix composite. They reported a 15% increase in the
interfacial shear strength of the multiscale hybrid composite although the corresponding

surface treatment with no nanotube growth results in a significant degradation in the
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interface strength. This improvement was attributed to the increase in the fiber/matrix

interface provided by the carbon nanotubes deposited on the fibers.

Figure 1. MWNTSs grown on a carbon fiber (a) SEM and (b) TEM images

Source: Zhao, Z.G.; Ci, L.J.; Cheng, H.M.; Bai, J.B. Carbon, 2005, 43(3), 663-665.

Another method to fabricate mutiscale hybrid composites is to replace the matrix
with nanocomposite materials; for instance, Vlasveld et al. [33] developed a new three-

phase hybrid composite which combined the novel properties of fibrous composites and
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polymer nanocomposites (Fig. 2). In conventional unidirectional polymer matrix
composites, the transverse properties which are dominated by the matrix are often poor.
Therefore, Vlasveld et al. employed polymer nanocomposites instead of the conventional
polymers to improve the matrix modulus and strength. The results they presented show
significant improvement in flexural strength both for glass and carbon fiber hybrid
composites. It is interesting to note that the increase in the high temperature and
moisture-conditioned properties of the new composite can be achieved with no change in

melting temperature and processing conditions.

= T P [T\ (g
AW

Figure 2. Schematic of a hybrid composite consisted of carbon fibers and a nanocomposite matrix

Source: Vlasveld, D.P.N.; Bersee, H.E.N.; Picken, S.J. Polymer, 2005, 46(23), 10269-10278.

2.3 Integrated Structural and Non-Structural Functionalities

Another promising direction to achieve multifunctionality in the structures and

reduce parasitic weight is to enhance structural and electromagnetic functionalities
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simultaneously. In many applications, especially in aerospace industries, some parts need
to be electrically conductive to provide electrostatic discharge (ESD), electromagnetic
interference (EMI) shielding, or lightning strike protection. For instance, rather than
using separate banks of capacitors in advanced aerospace systems to protect against
power conditioning or rapid electrical discharge, significant weight saving can be
achieved by employing multifunctional structural capacitors which simultaneously store
electrostatic energy while carrying mechanical loads [34]. Good candidates for such
multifunctional capacitors are polymer matrix composites with high dielectric constant
ceramic fillers which offer excellent dielectric and mechanical properties by combining
the advantages of their multiple phases [35-37]. In addition, dielectric and other
properties can be designed for specific applications by various fabrication techniques
such as adjusting the relative fraction of the composite constituents, treating the
components with different chemical or physical methods and changing the processing
conditions [38, 39].

As for electrostatic dissipation (ESD), electromagnetic interference (EMI)
shielding, and lightning strike protection applications, the important material
characteristic is electrical conductivity. The minimum requirement for the conductivity of
the material to avoid electrostatic charging is 107 S/m [8]. Examples of conductive fillers
for composite materials include metallic particles, carbon black, carbon nanotubes, and
semiconductors. Recently, there is a growing tendency to use carbon nanotubes dispersed
in polymer matrix composites instead of antistatic paints or adding conventional
conductive fillers such as carbon black to an insulating matrix. The main reason is related
to the high achievable electrical conductivity of the composite using very low volume
fraction of CNTs [8, 40].

The conductivity of a polymer matrix composite material is a function of the
volume fraction of the conductive filler. The percolation threshold predicts the minimum

addition of conductive fillers to a non-conductive matrix in order to form a continuous
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conductive network. Broadbent and Hammersley [41] were the first researchers who
formally studied the percolation threshold and probability in 1957 and introduced a
mathematical model of percolation threshold. Since then, many analytical and numerical
studies have been proposed models for percolation thresholds in composites [41-42]. The
CNT-reinforced nanocomposites possess much lower percolation threshold (as low as
0.0021 wt% [43]) than composites that contain other conventional fillers. This is related
to the high aspect ratio and high specific surface area of CNTs [40]. Maximum
conductivity of a CNT-reinforced polymer nanocomposite was reported for 10 wt%
SWCNT-reinforced polymethylmethacrylate (PMMA) (about 10,000 S/m) [44]. It has
been found that the percolation threshold of CNT-reinforced polymer matrix composites
is mostly influenced by the aspect ratio, alignment and dispersion state of CNTS [40].
Kim et al. [23] used highly aligned CNTs to enhance the electrical conductivity and EMI
shielding properties of a rubber sheet. Besides the electromagnetic properties, the elastic
modulus and thermal conductivity of the rubber composite were improved as well.
Conductive nanocomposites find important applications in ESD, EMI shielding,
and lightning strike protection. Electrostatic discharge is the transfer of static electric
charge between bodies of different electrostatic potential which can be detrimental, e.g.
for microchips during handling [45]. Furthermore, in many critical electronic devices, it
is vital to reduce or eliminate the undesirable electromagnetic interference energy from
external environment which might have an adverse effect on the performance of the
electronic equipment. This suppression can be achieved by applying filtering or shielding
in order to maintain the electromagnetic compatibility (EMC), which is defined as the
capability of an electrical of electronic system to operate in its designed margin of safety
[45]. With the rapid increase in the use of digital equipment and telecommunication, EMI
shielding materials effectively limit the amount of the EMI radiation that penetrates into
or escapes from an electronic circuit. In general, shielding effectiveness (SE), expressed

in decibels (dB), is the main measure of shielding capability of the material used for EMI
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shielding. It is defined as the ratio between the absolute value of the electric (or
magnetic) field that is present at a given point beyond the shield and the absolute value of
the electric (or magnetic) field that would have been present at the same point in the
absence of the shield itself [45]. Traditional shielding materials include metallic,
ferromagnetic, ferromagnetic, and ferroelectric materials [46]. Such materials have
limitations such as heavy weight and low corrosion resistance. Nowadays, producing new
materials that can offer other functionalities besides EMI shielding is an active field of
research; among them, electrically conductive CNT-reinforced polymer matrix
composites are among best options. The minimum shielding effectiveness for commercial
applications is about 21 dB, while polymer matrix composite materials with conductive
fillers can provide a shielding effectiveness of more than 40 dB [47].

Thermal protection is a critical issue in many applications including gas turbine
blades [48], reentry space vehicles [49], electronic and optoelectronic devices [50]. There
are different strategies to mitigate heat, among which are placement of thermal barriers
[51], increasing thermal conductivity [52], and use of materials with low coefficient of
thermal expansion [53].

Measurement of the thermal conductivity of micro/nanoscale materials is a
challenging issue that has been studied in accord with the development of low-
dimensional structures, such as carbon nanotubes, graphene, etc. Many techniques and
approaches for accurate and high-resolution thermometry have been proposed in the
literature [50, 54, 55].

One important feature of carbon nanotubes is their unusually high thermal
conductivity [19, 20, 24, 56] that justifies the use of these nanoscale materials in new
composites for advanced thermal management applications. Kim et al. [57] reached
enhanced thermal conductivity in a carbon fiber polymer matrix composite by adding
highly crystalline multi-walled carbon nanotubes (MWCNTS) as fillers. In fact, the

nanotubes form thermal paths between adjacent carbon fibers and consequently, improve
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the thermal conductivity of the multiscale composite. Similar improvement in thermal
properties was observed by Biercuk et al. [9] in a single-walled carbon nanotubes
(SWNTs) reinforced epoxy matrix composite. Ganguli et al. [58] studied the effects of
chemically functionalization on exfoliated graphite filled epoxy composites. They
reported a noticeable increase in thermal conductivity of the composite; however, the
electrical properties of the material were deteriorated.

Structural health monitoring (SHM) is another application where functional
capabilities of the materials are employed to assess the integrity of the structures. SHM is
the process of acquisition and analysis of technical data for the purpose of damage
detection in an engineering infrastructure in order to facilitate life-cycle management [59,
60]. In many cases, the damage caused by low-velocity impact is barely visible (known
as barely visible impact damage or BVID) and cannot be easily detected. This is
especially true for laminated composite materials since impact damage usually occurs in
inner plies while the outer layers seem to be completely undamaged on visual inspection.
To detect damage in such cases, various nondestructive evaluation techniques (NDT) and
structural health monitoring systems such as X-ray, hydro-ultrasonics (C-scan),
shearography, thermography and acoustic emission technique are employed [59, 61]. The
inspection methods may be active, semiactive, passive, or hybrid [62]. Capezzuto et al.
[61] developed a new smart multifunctional polymer nanocomposite layer that shows
visible light emission when subjected to different wavelength UV-light excitation.
Besides the electromagnetic functionality of the layer, it can be used to perform structural
health monitoring in carbon fiber and sandwich composites as it can detect the damage
caused by a low-velocity impact.

From the theoretical standpoint, all described functionalities are results of
coupling of multi-physics fields i.e. interaction between the structural load-carrying
performance and other as-needed functionalities (e.g. thermal, electrical, magnetic,

chemical, optical, etc.).
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2.4 Electromagnetic Effects

Electromagnetic solids encompass a broad class of materials in which the
interaction between mechanical and electromagnetic loads has a pronounced effect on the
deformed state. In the most general case, the behavior of electromagnetic materials is
described by a system of equations of motion and Maxwell’s equations. In the case of
electrical conductors, these two sets of equations are coupled through the Lorentz force,
and in the case of dielectrics (e.g., electrostrictive, magnetostrictive, piezoelectric, and
piezomagnetic solids) by means of constitutive relations. Depending on the nature of
coupling between electromagnetic and mechanical fields, different approximations to
Maxwell’s equations are used, which lead to starkly different mathematical formulations,
varying from nonlinear systems of parabolic and hyperbolic partial differential equations
(PDEs) to linear systems of elliptic PDEs. The scope of early studies [63-69] was mostly
limited to isotropic linear elastic conductors, while recently the focus has shifted to the
constitutive modeling of electro- and magnetostrictive solids (see, e.g., [70-75]). A
special place among electromagnetic solids belongs to piezoelectric materials due to their
various applications ranging from hydroacoustics to micro-electro-mechanical actuators
and sensors [76-79]. As far as composite materials are concerned, substantial efforts have
been devoted in the literature to studies of piezoelectric laminated composites (see, e.g.,
[80-82] among others) and effective properties of composites with piezoelectric phases
[83-85], to name a few.

The main focus of this thesis is on electrically conductive anisotropic composites
with a special emphasis on carbon fiber polymer matrix composites. Therefore, the term
“electromagnetic effects” is used in this work with respect to the effects of an
electromagnetic field on a solid electrical conductor. In electrical conductors, the
interaction between mechanical and electromagnetic fields is due to the Lorentz

ponderomotive force that is exerted by the electromagnetic field. Mathematically
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speaking, the field interactions have to be analyzed by simultaneous solving of
Maxwell’s equations for the electromagnetic field and the equations of motion of
continuous media. Basic milestones of the mechanics of solids with electromagnetic
effects were formulated in works [63-69, 86-88]. Due to the complexity of the physical
phenomenon as well as insuperable mathematical difficulties associated with
simultaneous solving of a generally nonlinear system of equations of motion and
Maxwell’s equations, there are only a few accomplished solutions even to the problems
of three-dimensional linear isotropic elasticity with electromagnetic effects. The situation
is better for isotropic plates and shells where a number of solutions for coupled problems
exist [69, 89-93]. A significant contribution to the theory of isotropic plates in the
presence of an electromagnetic field was made by Ambartsumyan et al. [69], who
introduced electromagnetic hypotheses regarding the behavior of the electromagnetic
field in plates that complement the classic Kirchhoff hypothesis of nondeformable
normals. These hypotheses allowed for reduction of a three-dimensional problem to a
two-dimensional one that can be further linearized in certain situations using the small
disturbance concept. Such an approach and its modifications were successfully used in
the literature [91-96]. The aforementioned electromagnetic hypotheses and the small
disturbance concept have been applied in [97-100] to solve magnetoelastic problems for
anisotropic and laminated composite plates and shells. In recent work [101, 102] the
effects of steady and slowly varying electromagnetic fields on the mechanical response of
composite plates were studied. Two-dimensional (2D) approximations to Maxwell’s
equations and the Lorentz force were obtained by introducing additional hypotheses
regarding the behavior of the electromagnetic field components. Within the developed 2D
approximation, the problems of static and time-dependent mechanical response of DC
and AC electric current-carrying composite plates subjected to mechanical load and
immersed in the magnetic field were considered. It has been shown that an

electromagnetic field, depending on the direction of its application and intensity, may
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significantly enhance or reduce the stress state of the mechanically loaded composite
plate. It is important to note that the approach used in [101, 102] differs from that of
others [69, 91-99], where the small disturbance concept was utilized and is capable of
treating highly dynamic problems. This approach is valid for both linear and
geometrically nonlinear plate theory formulations as long as the Kirchhoff hypothesis of
nondeformable normals is preserved.

An electromagnetic field in electrical conductors is also manifested by Joule
heating. For instance, electrically conductive carbon fiber reinforced polymer matrix
composites, which are the focus of this work, are adversely affected by heating. At
temperatures above glass transition, a rapid degradation of the polymer matrix occurs,
which leads to deterioration in composite strength and elastic moduli. Thus, thermal
effects have to be considered in the analysis of the mechanical behavior of the composites
subjected to even moderate electromagnetic fields. A problem of DC electric current-
induced heating and the associated thermal stresses in the electrified carbon fiber polymer
matrix composite plate was considered in [103]. It was shown that application of even
moderate DC currents to the composites leads to considerable Joule heating, which, in
turn, results in a considerable rise of the thermal stresses. These stresses seem to be
avoidable if electromagnetic loads of high intensity but short duration (i.e., pulsed
electromagnetic loads) are applied. If such electromagnetic loads are applied concurrently
with a dynamic mechanical load of short duration, the resulting mechanical response of
composites may be distinctly different (as compared to the case when only mechanical
load is applied) due to electro-magneto-mechanical coupling. Owing to the high intensity
of the electromagnetic field, the electromagnetic effects may be significant.

The present work aims to study the effects of electromagnetic fields on the
dynamic mechanical response of anisotropic composites with a special focus on the
carbon fiber reinforced polymer (CFRP) composites. CFRP composites consist of

electrically conductive fibers and dielectric polymer matrix, and are electrically
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anisotropic and conductive at the macroscale. The influence of an electromagnetic field
on the mechanical response of electrically conductive composites is characterized by a
complex array of factors among which are coupling of the mechanical and
electromagnetic fields and electric current-induced heating. The mechanical behavior of
CFRP composites in the presence of an electromagnetic field is a result of complex
electro-magneto-thermo-mechanical interactions. The coupling between mechanical and
electromagnetic fields is due to the Lorentz ponderomotive force that is exerted by the
electromagnetic field [63-70], whereas coupling between electromagnetic and thermal
fields is due to electric-current-induced heating [71-74]. Moreover, the electric-current-
induced thermal field may lead to thermal deformation in the CFRP composites, which
adds an additional layer of complexity to the coupling phenomenon. In general, the effect
of an electromagnetic field on the mechanical deformation depends on the strength of the
field as well as the electrical properties of the material: the higher the strength of the field
and the electrical conductivity, the more distinct a mechanical response is observed as
compared to the response when no electromagnetic field is present. This coupling
mechanism can potentially lead to the development of structures amenable to active
control by the electromagnetic field.

The present research is also directly related to the experimental studies of
Telitchev et al. [1, 2] and Sierakowski et al. [3], who investigated the impact response of
electrified CFRP composites. They performed a series of low velocity impact tests on
electrified unidirectional and cross-ply CFRP composite plates. The tests were carried out
under OA, 25A, and 50A DC electric current applied to the composites plates. The results
of measurements showed considerable dependence of the impact-induced damage upon
the intensity of the electric field applied to the composite. In particular, when an electric
current of 25 A and 50 A was applied to a unidirectional CFRP composite plate, the
maximum load sustained by the plate had increased. Moreover, a direct relation was

noticed between the field applied to the composite and the propagation of the impact
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damage: the stronger was the applied field, the less damage was observed in the
experiments. The aforementioned results were valid for the case when an electric current
was applied immediately before the impact. Remarkably, it has been determined that a
prolonged application of an electric current to the CFRP composites led to significant
Joule heating that eliminated the positive effect of the short-term current application. One
possible way to mitigate the negative effects of the current-induced heating observed in
experiments on electrified composites subjected to a high DC current [103] is to apply
electromagnetic loads of high intensity but short duration (i.e., pulsed electromagnetic

loads).
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CHAPTER 3
FIELD EQUATIONS

3.1 Governing Equations for Anisotropic Solids with

Electromagnetic Effects

Analysis of the electro-magneto-thermo-mechanical interactions in electrically
conductive materials requires simultaneous solving of Maxwell’s equations for the
electromagnetic field, equations of motion, and heat transfer equation. In solids with
electromagnetic effects, the interaction between mechanical and electromagnetic fields is
due to the Lorentz ponderomotive force that is exerted by the electromagnetic field.

Maxwell’s equations for an electromagnetic field (see, e.g., [104]) have the form:

divD = p,,
curlg = —@,
ot
divB =0, (3-1)

curIH:j+@,
ot

and equations of motion of continuous media are

82
V-T+p(F+FL)= at—;’. 32

Here E and D are the electric field and electric displacement vectors, B and H are the
magnetic induction and magnetic field vectors, p, is the charge density, j is the electric
current density vector, T represents the mechanical stress tensor, F is the body force per

unit mass vector, F" is the Lorentz ponderomotive force per unit mass vector, u is the
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displacement vector, p is the material density of the solid body, t is time, and V is the
gradient operator. Moreover, it has been shown in [101, 102] that, in the case of an

electrically anisotropic and linear but magnetically isotropic solid body, the constitutive
relations for the electromagnetic field in Lagrangian coordinates and in the SI units have

the form
D=£E+,u(s—50 -1)(2—?><Hj,

B =yH—,u(Z—l:x((£—6o -1)-E),

(3-3)
. ou ou
=6| E+—xB |+ p,—,
i=o[ B+ 2xp 1,2
where € and o are the electric permittivity and conductivity tensors,
& 0 0
=0 0|,
5 &y (3-4)
0 0 g
o, 0 O
=10 0|,
(o Gy (3_5)
0 0 o

where £ is the magnetic permeability (single-value constant and is the same as in
vacuum), 1 is the unit tensor of the second order.

In the most general case, when a solid body possesses properties of polarization
and magnetization (or anisotropy in electric and/or magnetic properties), the expression

for the Lorentz force F" in any curvilinear inertial coordinate system is given by [105]

Ft = p,E+(D,VE, ~E,VD, +B,VH, ~H,VB,)+(IxB), (3-6)

where J is the density of the external electric field, V is the gradient operator, and

Einstein’s summation convention is adopted with respect to the index «. It has been
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shown in the literature [102] that in the case of an electrically anisotropic and linear but
magnetically isotropic solid body (which is the case for carbon fiber reinforced polymer

matrix composites), the Lorentz ponderomotive force (3-6) can be written in the form

FL =pe(E+%uxB){“(M%XBDXM(((“% 1)E)xB), V[aa_l:ja

+(J x B),

where ¢ is the electrical conductivity tensor, € is the electrical permittivity tensor, &, is
the vacuum permittivity, and 1 is the unit tensor of second order. The third nonlinear
term in equation of Lorentz force is related to anisotropy in electrical properties; i.e. it
vanishes when the electric properties of the material are isotropic. The last term in (3-7)
is caused by the external electric current that the solid body carries. As it can be seen, in
electrically anisotropic solids, the Lorentz force depends not only on the electromagnetic
parameters (such as the electric and magnetic fields, the magnitude of the electric current
and its orientation with respect to the magnetic field), but also on the rate of deformation
of the solid (du/dt). Therefore, the system of governing electro-magneto-mechanical
equations (3-1)—(3-2) for electrically conducting solids is nonlinear, even in the case of a
linear material behavior, and coupled which requires simultaneous solving of the
equations. Thus, governing equations (3-1) and (3-2) constitute the general mathematical
framework for solving dynamic problems for the solids with electromagnetic effects.

It is worthwhile to comment briefly on the choice of the system of units adopted
in the studies of solids with electromagnetic effects. In many studies on electromagnetic
field theory and electromagnetic field effects in solids, the Gaussian system of units is
used to describe an electromagnetic field, which results in a presence of the speed of light
factor c(J 3-108 m/s in equations (3-1), (3-6) and (3-7). In situations when an analytical
solution is of interest, the choice of Sl or Gaussian systems is rather a matter of

convenience; however, when one is concerned with the development of numerical
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schemes, the presence of ¢ can lead to significant computational issues with scalability
and convergence of the numerical schemes. Therefore, to avoid potential scalability
problems, the Sl units are adopted in this study.

It is also worthwhile to emphasize the substantial differences in the mathematical
formulations of the governing equations for electrical conductors and, for instance,
piezoelectrics. In piezoelectric materials the magnetic effects are generally ignored, and
instead of the full system of Maxwell’s equations, only equations of electrostatics are
considered: divD=0, E=—grady (i.e. curlE=0), where y is the electrostatic potential.
Furthermore, the electro-mechanical coupling terms appear only in the constitutive
relations. This, together with the fact that many piezoelectric materials do not exhibit
nonlinearities in the response under typical operating conditions, makes the system of the
governing equations describing electromechanical behavior of piezoelectrics linear.
Moreover, it allows one to use solution procedures similar to those developed within
Lame and Beltrami-Mitchell formulations of the classical elasticity theory, which is not
the case even for linear electrical conductors, in which the electro-magneto-mechanical
coupling is nonlinear.

The heat transfer equation in the anisotropic elastic media is

- ou oT
V.| kvT —Tamb'e”tCa—j:— +Cp—,
( o) ey (3-8)
where T is the temperature, T2™*" js the ambient temperature, k is the thermal
conductivity tensor, C is the elasticity tensor, a is the thermal expansion tensor, ¢ is the
specific heat, and Q is the Joule heat rate per unit volume.

The Joule heat rate per unit volume is expressed in terms of the electromagnetic

field components as

Q=JE (3-9)
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and it couples the electromagnetic and thermal fields.

In general, the problems of interaction of electromagnetic and mechanical fields
in electrically conductive solids can be divided into two major types. The first type is
related to the problems for which deformation of the solid does not affect considerably
the electromagnetic field. In this type of problem, the electromagnetic field is treated first
as if the body were rigid, then the Joule heat density and the Lorentz force are calculated,
and finally the corresponding thermoelastic problem with the prescribed distribution of
heating sources (Joule heating) and body forces (Lorentz forces) is formulated. This is the
so-called one-way coupling. On the other hand, there are problems that require
simultaneous solving of Maxwell's equations together with the equations of motion, the
so-called mutual coupling problems. The nature of coupling in many cases is determined
by the characteristics of the applied electromagnetic and mechanical loads. More detailed
discussion on the electro-magneto-thermo-mechanical coupling in electrically conductive
composites can be found in [103]. In this thesis, a mechanical response of a carbon fiber
reinforced composites subjected to a transverse impact and in-plane pulsed
electromagnetic loads will be studied. It will be shown that this problem requires
considering only mutual coupling between mechanical and electromagnetic fields,
whereas a thermoelastic problem can be omitted due to current-induced heating being
localized within a very small region adjacent to the composite-electrode interfaces

through which the pulsed electric current is injected.

3.2 Two Dimensional (2D) Approximation for Anisotropic

Thin Plates

The inherent complexity of the coupled Maxwell’s equations (3-1) and equations

of motion (3-2) can be reduced by applying simplifying assumptions. For the case of thin
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plates, this can be done by employing the classic Kirchhoff hypothesis of nondeformable
normals for the mechanical part and the corresponding electromagnetic hypotheses
introduced by Ambartsumyan et al. [69]. This approach was successfully used for the
case of isotropic thin plates in several studies [69, 92, 98]. Other researchers such as
Librescu et al. [98] and Qin et al. [99] have employed the small disturbance concept to
simplify the nonlinear magneto-elastic problems for anisotropic and laminated composite
plates. However, in this study, a different approach is used to solve the coupled system of
(3-1) and (3-2) for anisotropic solids, which is not limited to the small disturbance
problems.

In this section, the 2D approximation of equations of motions together with the
2D approximation of Maxwell’s equations is developed to formulate the system of
governing equations of thin, electrically conducting anisotropic plates. For this purpose, a
transversely isotropic unidirectional composite plate of uniform thickness h is
considered in which current-carrying fibers are aligned along the x -axis, the y—z plane
is a plane of symmetry, and plane x—y coincides with the middle plane (Fig. 3). The
plate can be loaded with transverse mechanical load and immersed in an external

magnetic field.

3.2.1 Governing Mechanical Equations

For the mechanical part of the governing equations, the classic Kirchhoff
hypothesis of nondeformble normals can be employed which suggests considering the
following displacement field for the plate [106]:

uX:u(x,y,t)—zaW(X—’Xy"[), uy:v(x,y,t)—zM, u, =w(x,y,t),

0 oy (3-10)
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where u(x,y,t), v(xy,t), w(x,y,t) are the corresponding middle plane

displacement components.

Bt ¥ x y
h Lajeyaames

Figure 3. Transversely isotropic plate subjected to mechanical and electromagnetic loads.

Then, the strain-displacement relations can be written as,

. _ ouy . :auy . _ oy,
T ox Y ey N
_ O Ay %y ou, _ou, Ny (341
}/Xy - + 1 }/yz - + ’ 7)(2 - + )
oy ox oz oy oy

where y,,, 7y, and y,, are engineering shear strains. The generalized Hooke’s law for a

transversely isotropic plate is in the form:
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T | [Cy Cp Cp 0 0 0 ][ &—aAT
Ty Cp CprCypy 0 0 0 &y — AT
Tu| [Cia Cis Cpp 0 0 0 || & —aAT
Tp| [0 0 0 Cu 0 0 | 7, -aAT | (3-12)
t,| |0 0 0 0 Ci 0 ||y, -—aAT
| L0 0 0 0 0 Cg| z, -apAT

where ¢; are coefficients of thermal expansion, AT is the temperature difference, and
C;; are the components of the stiffness matrix which are defined in terms of the material

properties as follows:

_ (1_V§Z)E1 _ (ny +Vszxy)E2 _ (Vyz +Vyxny)E3
11 1—v ! 12 1—v ' 23 1—v !
Co = %’ Ca =Gy, Cos =Gy

2
v=vy, +2v v, +vy,). (3-14)

Following the standard procedure of the theory of plates (see, e.g., [107]), the
equations of motion (3-2) are integrated with respect to z within the interval
(—h/2,h/2) to obtain the equations for stress resultants. To obtain equations for the
moment resultants, the first two equations of (3-2) are multiplied by z and integrated
with respect to z within the same limits. Finally, this procedure yields five equations of
motion for a thin anisotropic plate subjected to mechanical, electromagnetic loads, and

associated thermal loads in the absence of body forces:
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h

a(NXX+NIX)+a(NXy+NIy A
oX oy ot?’

)+X+ j.F"dz h
2T P x dZ=p
h

2

h
O(N, +NT ) o(N,, +NI 2 2
( id yy)+ ( i Xy)+Y2+pj FyLdz:pha—;/,
oy X h ot
2
T T E
O|N,, +N O|N,. +N 2 2
( ~ XZ)+ ( r yz)+Zz+,o_f FZLdz:ph—8 \2/v
OX oy b ot (3-15)
2
T T D
oM., +M oM., +M 2 3 A3
( i XX)+ ( Y Xy)+hX1+pJ- FXdez:NXZ—ph— azw,
OX oy h 12 6t“ox
2
T T D
oM, +M o(M,, +M 2 3 A3
( i yy)+ ( ad Xy)+hY1+pj FydezzNyZ—ph_ 82W .
oy ox i 12 2oy
2

Here external body forces are neglected. Equations (3-15) are written with respect to the

internal stress (Nj; ), moment (M;;), thermal stress ( Ni}) and moment ( Mi} ) resultants,
and X,, Y, ,and Z, stand for

1
X1=ZTe| nt7x hlp Xo=Tgq| h—Tx h s
2 = 7=—— = 7=——
2 2 2
Y, L + Y.
== T : =7 -7 ,
1 2 yz Z:D yz|__ h 2 yz|,_h yz zth (3-16)
2 2
Ly =Ty| h Ty h -
7=— 7=
2 2

Referring to Fig. 4, in the case of a transversely isotropic plate with y—z plane of

isotropy, the stress and moment resultants are (see, e.g., [106]):
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h h
2 2
ou ov
Nxx = J;Txxdzthlla h8125_A1J;Tzzdzv
2 2
h h
2 ov au 2
Ny, = jryydz—thz hB, —— A, j 7,0z,
h h
2 2
h h h
2 2 2
ou ov
ny = J‘hTXde - hBGG (E‘F&J, NXZ = J‘hTXZdZ, Nyz = J‘hTyZd21
2 2 2
h h
2 3 2 3 2 2
h o‘w h oW
My = J;]TxedZ :_EBﬂa?_EBlzy_Ai J;TzdeZ’
2 2
h h
2 3 2 3 2 2
h o‘w h oW
M, =|r,20z=——B,, — — 7,202,
yy J‘h yy 12 22 ayz 12 BlZ 8X2 AZ J‘h 7z (3_17)
2 2
h
2 3 2
h oW
MXYZJ;TXyZdZ=—6 esaxay’
2
h h
T ‘ T f
Ny = (Buay +Bpay) j. AT(x,y,z)dz, Ny, =(Bpo +Bya,) I AT (X,y,2)dz,
h h
2 2
h h

2 2
Ny = Bescts J. AT(X,y,2)dz, N, = Bga J. AT (X, y,2)dz,
h h

2 2
h

2
N, = By I AT(x,y,2)dz, My =(Bya +Byay)
h

AT (x,Y,2)zdz,

N |

|
Nz

2
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h

e N | T

2
MJ, = (Bpay + Bypay) | AT(X,Y,2)zdz, M ] = B _[ AT (x,y,2)zdz,
h

N =

2
h h

2 2
M;, = Bggorg j AT(x,y,2)zdz, M), =Bya, I AT (X, Y, z)zdz,
h h

2 2

where the coefficients By;, Bj,, B,,, B, Bg, A and A, are determined using

generalized Hooke’s law:

E E,v E
B,=—"2—, B122&’ Bzzz—y’
1-viyVix 1=viyVix 1=vigVy
Bes =Gy  Bas =B+ By =Gy, (3-18)
potmlhe) vty
1— ViV L=viyVyx

Here E, is Young’s modulus for the fiber direction, E, is Young’s modulus for the

isotropy plane, v, is Poisson’s ratio characterizing the contraction within the plane of

yz

isotropy for forces applied within the same plane, v, is Poisson’s ratio characterizing

y
contraction in the plane of isotropy due to forces in the direction perpendicular to it, and
vy s Poisson’s ratio characterizing contraction in the direction perpendicular to the
plane of isotropy due to forces within the plane of isotropy, G, is the shear modulus for
the direction perpendicular to the plane of isotropy, G,, is the shear modulus in the plane
of isotropy (y—12).

And the generalized Hooke’s law for the transversely isotropic plate can be

rewritten in the more convenient form:
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T = Bri€ + Bioey — A7, —(311051 + BlZ“Z)AT’
Ty = By, +Be — A7, — (B + By, ) AT,
Tyy = B6ﬁexy — Ag7,, — Bggag AT, (3-19)
Ty, = Bgg€y, — Bgs @6 AT,

7y, = Byg®y; —Byyay AT,

Figure 4. The positive directions of stress and moment resultants defined on the

composite plate.

3.2.2 Governing Electromagnetic Equations

In the case of the solids with electromagnetic effects, employing the Kirchhoff

hypothesis is not sufficient to reduce the equations of motion to a 2D form without

introducing additional hypotheses regarding the behavior of an electromagnetic field in
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thin plates and reducing the expression for the Lorentz force to a 2D form. The
electromagnetic hypotheses are presented next.

It is assumed that the tangential components of the electric field vector and the
normal component of the magnetic field vector do not change across the thickness of the

plate:

E.=E.(xy.1), E,=E,(xy,t), H,=H,(xy1). (3-20)
This set of hypotheses was obtained by Ambartsumyan et al. [69] using
asymptotic integration of 3D Maxwell’s equations. It is important to note that the
electromagnetic hypotheses (3-20) are valid only together with the hypothesis of non-
deformable normals.
Furthermore, applying the electromagnetic hypotheses (3-20) and taking into
account the constitutive relations (3-3), the second and fourth of Maxwell’s equations (3-

1) can be rewritten in the form

0B, oE, OE, OBy OE, OF, B, °E, oE,
o oy o oz ox | o ox oy (3-21)
oH oH
O-XExzal-l_Z__y, O—yEyzaHX_ai’ GZEzz_y_aHX )
oy oz oz ox X oy (3-22)

To obtain (3-21) and (3-22), the term oD/ ot, that is small comparing to the term
o(E+0u/otxB) (this invokes the so-called quasistatic approximation to Maxwell’s
equations), and the term o (du/otxB), which are small comparing to oE in the
expression for the current density j, are disregarded. After substituting (3-22) in the first
two equations (3-21), one can obtain

oH, 82H,

Y T o (3-23)
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oH, B 62Hy
T T e (3-24)
By introducing operator
0
2 = — J—
G (3-25)

equation (3-23) can be converted into the equation

Hy

2
P52 (3-26)

whose general solution is

H, (x,y,2,t)=C(x,y,t)cosPz+ D(x,y,t)sin Pz, (3-27)

where C(x,y,t) and D(x,y,t) are the integration coefficients that are determined from

the boundary values of the magnetic field on the plate external planes z =+h/2

Hi[x, y'ig’t} HE(yt) - (i=xy). (3-28)

Finally, we have

PhH, +H, . PhH; -H_
H, (X Y,zt)=cosPzsec——2—>*+sin Pzcosec———*,
(xy.2.0) 2 2 2 2 (3-29)
and in a similar way,
_ RhHy +H, RhH, -H,
H, (x,y,z,t)=cos Plzsec7T+sm HZCOSGCTT' (3-30)

where the operator P, is defined as

0
2 = —_—
Pl =oH ot ' (3_31)
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The linear approximation to (3-29) and (3-30) yields the following linear

distribution for tangential (in-plane) components of the magnetic field across the

thickness of the plate:

T/, 0o o\ Zgi,
Hx(x,y,z,t)=E(HX +HX)+E(HX -H,).
1/, N Zfs _ (3-32)
Hy(x,y,z,t):E(Hy +Hy)+F(Hy -H,).
A more precise second-order approximation is
2 2,2
Hx(x,y,z,t)=1[1+h 82 pe Nz P“] (H; +H,
2 8
2 2,2
L 1+h — 4z P2 — h'z P4
h 48 144
(3-33)

2 2,2
Hy(x,y,z,t):%[1+h 882 P? - hz Pl“j

z h? —4z° h2z?
+—1+ P? - P> |(HI=H).
h( 48 ' 144 1J( y y)

After this, a 2D approximation for the Lorentz force (3-7) is obtained using the
Kirchhoff hypothesis of non-deformable normals and the complementing electromagnetic
hypotheses (3-20) and (3-32). The explicit expressions for the Lorentz force components
for a thin electrically anisotropic (electrical permittivity and conductivity are represented

by (3-4) and (3-5)) and magnetically isotropic (magnetic permittivity is the same as in
vacuum) plate are:
2
1 z ow 1 z
pF; =0,E,B, +0,B, (EBH +—BX2)E—[ /B +0, (EByl +FBy2] J

h
J (3-34)

ou 0w 1 z 1 z v 62
M_, oW oL, +28, | 1B, +28B, ||
(at 6xatj 02(2 T ij(z nt yzj[@t ayat
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2 3 2 3
(e, — & )E, B, OU 3 OW (g, —ey)E,B, | T TV
oot oxlat Oxot  oxoyot

1 z o*w 1 z W .

1 z 1 z ou _o*w
Fy=-0,EB,+0,| =B +=By, || =B +—B, | ——2—
P X=x=z (2 x1 h j(z yl h yZJ[at 5X5tJ

2 2
_LJXBZZ +0, (%Bxl -I-%szj ](@— Za_W]+UXBZ [lByl +£By2J@

o oyat 2 TR
o w v 63W (3-35)
+(8y—€0)EyBZ —-z —(&,—&)EB
dyet  oxayet |yt oyt
1 z o*w 1 z W .
+(5X—gO)EX(EByﬁFByZJ%—(gy—gO)Ey(ZBler B, j@yat J.B,,

1 yA 1 yA 1 Z
L

pFZ :O_XEX(EByl'FFBy J_GYEY(EBXJ--FFBXZ]-FO-XBZ(EBYI-FFBYZ]
N o%w 1 z ou 0w 1 z Y

x| —-2——1|+0,B,| =B, +—B ——7— o,| =B, +—B
(& 8yat] y 2(2 < h ij[at axatJ ( X(z 7 h VZ]
2 2 2
1 yA ow o°w oW
+Gy(EBX1+—BX2j }E—(f}y—go)EyBZ%‘l‘(é‘X—EO)EXBZ—

«(1 z «(1 z
+JX[EBy1+hBy2j Jy(EBX]'-i-FBXZ].

(3-36)

After a 2D approximation for the Lorentz force is obtained, reduction of equations
of motion (3-15) to the 2D form is straightforward.

A 2D approximation to Maxwell’s equations is derived by representing
electromagnetic field functions via series expansions with respect to the thickness

coordinate and integrating 3D Maxwell’s equations across the thickness of the plate:
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O'X(EX +@BZ —3@(8+ +By)j a:yz —3(H+ -Hy ),

ot 20t hyvy
au 16w ) H, 1 )
ay(Ey—EBZ+§E(Bj{+BX )j:- 5XZ +F(H;—HX), (3.37)
B, OB, OF,
o ox oy

Here B, and Bj are the boundary values of magnetic induction on the plate external
planes z=+h/2, and o, and o, are electrical conductivities in the x-and vy -
directions, which are assumed to be principal material directions. Note that equations (3-
37) constitute the so-called quasistatic approximation. From the physical viewpoint, the
quasistatic approximation stands for an instantaneous propagation of an electromagnetic
field in a medium, where the electric field instantaneously reaches a steady state, while
the magnetic field exhibits diffusion into medium. Mathematically, this means omitting
the electric displacement current term oD/ ot , which was disregarded as a part of the
derivation procedure for (3-32).

The 2D system of equations of motion (3-15) and Maxwell’s equations (3-37) is a
nonlinear mixed system of parabolic and hyperbolic partial differential equations that
governs the mechanical response of thin anisotropic plates with electromagnetic effects.
In the next section, the numerical procedure employed to solve the boundary-value

problem of the system (3-15) and (3-37) is discussed.

3.2.3 Boundary Conditions

An exact solution of a physical problem must simultaneously satisfy both the
governing differential equation and the boundary conditions of the problem. Boundary

conditions are divided into three types: Dirichlet, Neumann, and Cauchy boundary
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conditions. Regarding the problem discussed in this study which deals with electro-
magneto-thermo-mechanical coupling, the mechanical, thermal and electromagnetic
boundary conditions need to be separately defined and satisfied by the solution.

As for the mechanical boundary conditions, different kinds of boundary
conditions such as a simply-supported, clamped, partially fixed, elastic-supported (with
or without restraints), or free edge can be considered for each boundary edge [108].
Thermal boundary conditions may include fixed surface temperature, heat flux (adiabatic
or insulated surface), or convection or radiation surface condition [109].

The electromagnetic boundary conditions are defined based on the change in field
parameters at the interface separating two different media. From the Maxwell’s equations
(3-1), it can be concluded that across any boundary of the discontinuity, the normal
component of the magnetic induction vector B and tangential components of the electric
field E are continuous; that is, if the field vectors change across the interface of media 1

and 2,

(B,-B;)-n=0 (3-38)

nx(E,-E;)=0 (3-39)
where n is the unit normal to the interface drawn from medium 1 to medium 2.
Furthermore, it can be found that the normal components of the electric displacement D
and the electric current density vector j together with the tangential components of the
magnetic field vector H are all discontinuous across any boundary of the discontinuity
[88].

In the next chapter, the numerical procedure for solving the system of governing
equations of the discussed electro-magneto-mechanical boundary-value problem is

presented.
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CHAPTER 4
NUMERICAL SOLUTION PROCEDURE

In this section the key aspects of the numerical solution procedure for the system
of governing equations (3-15) and (3-37) that is later used in this work to study the
effects of electromagnetic fields on the dynamic response of composites are described.

Many different numerical methods (e.g. shooting techniques, quasilinearization,
and finite element methods) have been proposed in the literature to solve nonlinear
boundary value problems (BVP) with initial conditions similar to the one introduced in
this study. The solution procedure consists of a sequential application of a finite
difference time and spatial (with respect to one coordinate) integration schemes,
quasilinearization of the resulting system of the nonlinear ordinary differential equations
(ODE), a finite difference spatial integration of the obtained two-point boundary-value
problem, and method of lines (MOL) for the two dimensional case. For effectiveness of
this scheme it has to be assumed that the presence of an electromagnetic field does not
produce strong skin effects [102].

Newmark’s finite difference scheme for time integration was employed because
of its simplicity and wide application in dynamic problems. A quazilinearization method
used in this work guaranteed rapid rate of convergence to the solution of the original
nonlinear problem. A superposition method with modified Gram-Schmidt
orthonormalization was used to solve the resulting linear two-point boundary-value
problems. A modified Gram-Schmidt orthonormalization procedure is adopted due to its
numerical stability, relative simplicity, and modest computational requirements. Fourth-
order Runge-Kutta finite difference method was used for spatial integration. Besides this
method, multistep fourth-order Adams-Bashforth method was also examined and yielded

similar results.
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4.1 Integration and Quasilinearization

In this study, the Newmark finite difference time integration scheme [110] is used
for the derivatives of any function f with respect to time:

1 1( 1 of 1 0% f
- flooo—fl)—=| == +| == 8 |— |,
t+AL ﬁ(At)Z( |HM |t) ﬁ{At otly (2 ﬁj ot? t}

] #-1)
t+At ’

where S and y are the scheme parameters and At is the time integration step. It is well

o°f
ot?

G
ot?

a
ot

of

t+At 0

0% f
FAL] (1-y)—
t [( 7)at2

t

known that in the linear problems the Newmark scheme (4-1) is unconditionally stable
for £ =0.25 and y = 0.5, whereas in the nonlinear problems the stability of the scheme
depends on the size of the time step.

The application of the Newmark scheme is followed by finite difference space
integration with respect to one of the spatial coordinates (e.g., the Xx-coordinate). This
step is essentially an application of the method of lines and will be discussed in details in
Section 4.4. Employing the finite difference space integration with respect to one of the
spatial coordinates (the x-coordinate, for instance) reduces the system of equations (3-
15) and (3-37) to the form

ot ot?

9 _ o9 &g
oy q{y’t’g' ) (@-2)

where the unknown N -dimensional vector g(y,t) is comprised of the unknown stress
and moment resultants and the electric field and magnetic induction components, as well
as the middle plane displacements and their first derivatives, and ® is a smooth and
continuously differentiable function of g. Equations (4-2) form a system of nonlinear
ODEs. Together with boundary conditions at the edges of the plate, it constitutes a

nonlinear two-point boundary-value problem. Note that reduction of the second order
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system of equations (3-15) and (3-37) to the first order system (4-2) was done by
replacing the second derivatives of the unknowns in (3-15) and (3-37) as the first
derivatives of new unknown functions, which themselves are the first derivatives of the
unknowns of the system of equations (3-15) and (3-37).

To solve this system, a quasilinearization method of Bellman and Kalaba [111] is
used. Quasilinearization is applied to system (4-2) and the accompanying boundary
conditions at the moment of time t + At. A sequence vector {gk+1} is generated by the
linear equations

d k+1 .
(e afe) (e ), -

and the linearized boundary conditions
Dy (9%) 9 (o, t+At) =dy (g¥),
D, (gk)gk+l(yN,t+At):d2 (gk), (4-4)

with g° being an initial guess. Here g* and g are the solutions at the k -th and
(k +1)-th iterations, matrices Dl(gk) and D, (gk) together with vectors dl(gk) and
d, (g") are determined from the given boundary conditions at the edges of the plate (i.e.
points y, and y, , correspondingly), and J(g") is the Jacobian matrix defined as
K\ OPi ok kK
{‘Jij (9 )}_{Ej(gl’gbmgN) : (4-5)
The Jacobian matrix needs to be calculated analytically.
The sequence of solutions {g"”} of the linear system (4-3) ultimately converges

to the solution of the nonlinear system (4-2). The iterative process is terminated when the

desired accuracy of the solution is achieved
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gik+l - gik

0

<0,

(4-6)

where ¢ is the convergence parameter.

At the first time step, the initial approximation to the solution of the nonlinear
problem is the solution to the corresponding linear system, and at the following time
steps the initial approximation to the solution is the nonlinear solution at the previous
time step. This assures a fast convergence to the nonlinear solution at each time step.

It remains to discuss the solution technique for the linear two-point boundary-
value problem (4-4) for the system of linear differential equations (4-3). Various
methods, such as the finite-difference method, superposition, and shooting techniques
[112-116] can be employed for solution of equations (4-3)-(4-4). In this study, the
superposition method along with the stable discrete orthonormalization technique [101,
116-119] is used. The solution to the boundary-value problem (4-3)-(4-4) at the (k +1) -th
iteration is sought in the form of a linear combination of J linearly independent general

solutions and one particular solution

g“* iy, t+ At) = icjei(y,t +At) + Gy, t+AL),

= (4-7)
where ¢j, 1=123,..,J are the solution constants; G/, j=12,3,..,7J, are solutions of
the Cauchy problem for the homogeneous system (4-3) with homogeneous initial
condition at the left endpoint of the interval, at which the solution of the problem is
sought; and G’ is the solution of the Cauchy problem for the inhomogeneous system
(4-3) with initial condition at the left endpoint. If there is the same number of boundary
conditions on both ends and they are separated, which is the problem considered in the
following numerical studies, N /2 base solutions G’ are needed [116] and J = N /2.
Construction of the solution in form (4-7) via a straightforward integration will not yield

satisfactory results since the matrix of the system (4-3) in the problems with mechanical
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and electromagnetic effects is usually “ill-conditioned,” which leads to the loss of linear
independency in the solution vectors G!, j=1,2,3,...,J +1. The issues related to the loss
of linear independence in the stiff boundary-value problems were extensively discussed
in the literature (see among others [116-118]). One of the suggested methods to
circumvent the loss of linear independence in the solution vectors is to apply an

orthonormalization procedure.

4.2 Orthonormalization

Various orthonormalization methods have been introduced over the years (see,
e.g., [120-127]). The Gram-Schmidt orthonormalization [115, 121, 124], Householder
decomposition [120, 122], and Singular-Value Decomposition (SVD) [122] are arguably
the most widely known orthonormalization techniques. The Householder method is an
orthogonal triangularization technique, and the Gram-Schmidt method is a process of
triangular orthogonalization. The Gram-Schmidt method is considered more suitable for
iterative procedures than the Householder method [122]. The SVD method is very
powerful, but it requires significant computational efforts. To improve the numerical
stability of the classical Gram-Schmidt orthonormalization method, various modified
methods were proposed (see, e.g., [121-125]). Such modified Gram-Schmidt methods are
less sensitive to rounding errors.

In this study, a modified Gram-Schmidt orthonormalization procedure is adopted
due to its numerical stability, relative simplicity, and modest computational requirements.
The orthonormalization procedure is applied at all steps, and whenever needed,

reorthonormalization is performed to ensure that the solution vectors always constitute an
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orthonormal basis system. The K -criterion with K = J2 based on the Eucleadian norms
of the solution vectors [125] is selected as the reorthonormalization criterion.
Here main steps of the orthonormalization used in this study are presented. First,

solution (4-7) at iteration (k +1) is rewritten in the form

k+1 _ J+1
g (Y, t+A) =Qc+ G, (4-8)

where matrix Q is the set of base solutions G/, j=12,3,...,J,and c is the vector of
solution constants c;. While orthonormalization is performed, the matrix of new

orthonormal base solutions, Q. is obtained as

Qnew = Qold P,

(4-9)
where P is a nonsingular upper triangular matrix that is found using a procedure
described in [118]. A particular solution that is orthogonal to a new set of the
orthonormal base solutions is then calculated as

GgeJrv& = Gglél = ey Mnew » (4-10)

where the elements of the vector 1,,,,, are the inner products of G and the new base

solution vectors of Q. There is no need to normalize the new particular solution [116,
118].

Starting from the left end of the plate and performing orthonormalization, the
solution of the boundary-value problem (4-3)-(4-4) can be continued to the last
integration point on the right side where the boundary conditions (4-4) give the unknown
solution constants. If the endpoint is assumed to be y =y_, the solution after

orthonormalization (or reorthonormalization) reads as
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9 (Y 1+ A =20 (Y ) e+ G (Vi ),
G (Vi) =G Vi) = i (Vi )M (Vin)- (4-11)

Here, the index m is related to the solution at point y_ . The continuity requires

the following condition to be satisfied

O3 (Yot +AD) =" (Y T+ AL). (4-12)

Substituting (4-11) into (4-12) and using equation (4-9), we obtain
Cina=Pn (Cn M) - (4-13)
The recursive relationship (4-13) enables one to find all solution constants over
the plate by proceeding backwards from the endpoint. In such a way, the solution for all

the integration points can be found without performing a complete reintegration at all

points.

4.3 Spatial Integration and Final Solution

For the spatial integration, explicit fourth-order Runge-Kutta’s finite difference

procedure is applied to the system of ODEs (4-2):

4
Oin=0i + zbmfm’

m=1
f, = Ax®(y;, g;),
f, = Ax®(y; +C, Ay, gi + Buf), (4-14)

3 = AXD(Y; +CAY, g; + Bufy + Baof,),
fy = AX®(Y; +C,AY, gi + Bufl + Bl + Paafz),

where
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=0, ¢,=1 ¢c,=u, c3=V,

u=03, v=06,

= 12u(v21/ u_)il—u)’ s = 12v(v1—_ uz)lél—v)’

e :)31’ b =1-b, ~by b, -
Py =U, Pa = 2ibu—v)’ B =V — Py,

) B VI Vit R R

b,  12b,v(u—v)’ 24bu(v—u)1-v)’

Par =1= Pay = Pus-

A combination of the multistep methods of fourth-order Adams-Bashforth and
Adams-Moulton was also examined which yielded exactly same results. The fourth-order

Adams-Bashforth is defined as [113]:

Ay
and fourth-order Adams-Moulton method reads as [113]:
Ui =0 +ﬂ[9q>- +19®; 5@, + @, |.
i+1 i 24 i+1 i i-1 i-2 (4_17)

It should be noted that since the Adams-Bashforth and Adams-Moulton methods are not
self-starting, the fourth-order Runge-Kutta is used for the first four steps.

The spatial integration along with the orthonormalization of the solution vectors
at each nodal point is performed starting from the first node on the left side of the plate
(y =-a/2) until reaching the final node on the right (y =+a/2). At this point, using the
boundary conditions at y =+a/2, a linear system of equations can be formed to find the
unknown solution constants in (4-7). To solve this linear system of equations,

say Ax = b, the Cholesky decomposition method [115] is employed in which the nxn
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matrix of coefficients A is decomposed into a lower triangular matrix L and an upper

triangular matrix U :
(4-18)
where
-1
Uij:Aﬁj_ZLikUkj' J=1---0N
k=1

1 =
'—ij=I[Aj—kZ;|—ikUkj], j=1---i-1

1

(4-19)

To overcome the rounding errors in computing the vector of unknowns x, the
following iterative refinement is used: after solving the system Ax® =b, the residual
vector r) = Ax® —b is computed. This follows by solving the new system
Adx = r® and updating the solution X/ = x® +dx Y . This procedure is repeated
until an accurate enough solution is achieved. Finally, by solving for the solution
constants at the final node, the constants at other nodes can easily be found by the
recursive formulation (4-13) which leads to the final solution of unknowns all over the
plate using the superposition method (4-7). A code in FORTRAN was developed to
implement the described numerical procedure for the solution of the boundary-value

problem (4-3)-(4-4).

4.4 Method of Lines

The method of lines (MOL) is a well-established numerical (or semi-analytical)
technique that has widely been used to solve the governing partial differential equations

of physical boundary value problems [128]. The method has been employed directly to
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solve a wide variety of hyperbolic, parabolic, or elliptic PDEs [129-134]. Zafarullah
[129] analyzed the numerical errors of the application of MOL to a class of linear and
nonlinear parabolic BVPs. Jones et al. [130] applied MOL to solve linear and nonlinear
elliptic PDEs and performed stability and convergence analyses for the linear case.
Schiesser and Griffiths [132] studied and numerically solved many physical systems,
covering all the major classes of PDEs, by the application of MOL and found it a very
powerful numerical technique. Saucez et al. [134] investigated the difficulties in the
numerical solution of strongly hyperbolic PDEs and proposed some guidance in the
solution procedure when MOL is employed.

Recent studies have investigated combinations of MOL and other numerical
methods for more accurate solutions; for instance, Ramachandran [133] combined MOL
concept with the boundary element (BE) method to solve parabolic PDEs. Such hybrid
approach may also be used for problems with complex geometries or material features;
e.g., Chen et al. [131] developed an efficient FEM-MOL technique to solve 3D
electromagnetic cavity problems. They applied MOL to the homogeneous regions while
the FEM was employed to model complex geometrical/material features. Therefore, they
simultaneously took advantage of the simplicity of MOL and efficiency of FEM for
modeling of intricate structures.

The basic idea of the method of lines is to approximate the original PDE by
discretizing all but one of the independent variables in order to obtain a set of ordinary
differential equations (ODES). This is done by replacing the derivatives with respect to
one independent variable with algebraic approximations such as finite difference, spline,
or weighted residual techniques. Therefore, the PDE can be reduced to an initial-value
ODE system which can be easily solved by employing a numerical integration algorithm
[132]. The popular algebraic approximation used in most MOL solutions is the finite

difference (FD) scheme.
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The advantages of MOL include numerical stability, fast convergence,
computational efficiency, reduced computational time, and ease of implementation [128].
In some cases, MOL may be more efficient than finite element method as the problem
can be solved semi-analytically by discretizing the field equations in one or two
dimensions and treat the other dimension analytically [131]. On the other hand, one of the
drawbacks of MOL is that its application is restricted to simple geometries. Furthermore,
for each line of domain partitioning, a set of new unknowns is added to the system.

In this study, the governing partial differential equations of the 2D problem have
three independent variables: x, y and t. When the 1D coupling problem, with two
independent variables (y and t), is solved by the numerical procedure presented in this
chapter so far, method of lines is the best option to be employed to extend the solution to
the 2D case. As the geometry of the problem is not complex, the method can easily be
added to the present numerical solution procedure. As mentioned earlier, the Newmark’s
scheme is used for the time integration. The numerical procedure can be followed by the
application of the method of lines to eliminate the explicit presence of one spatial
independent variable in the governing equations, converting the system of the PDEs into
a system of ODEs similar to (4-2). For this purpose, the plate domain is divided using
straight lines perpendicular to the x -direction and the central finite difference is

employed to approximate the derivatives with respect to x:

o9 9" -0y

OX 2AX

0’9} 9" 20+ 97

ox? AX? ’

839;_ . g|j+2 _Zg|j+l+zg|j—l_g|j—2 (4-20)
ox3 2A%3 ’

a4g|j . g|j+2 _4g|j+l+69lj _4g|j—1+g|j—2

ox*t Ax ’
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where the index | represents a variable in the vector of unknowns g, index i designates
a position along the grid in the x -direction and Ax is the spacing in x. Thus, the system
of ODEs approximates the solution of the original system of PDEs at the grid points

i1=12,...,n,. The final form of the system is similar to equation (4-2) except for the fact

that the vector of unknowns g is now n, times larger:

0 =000, 920 N 971921 O 01 051 O T (4-21)
where the vector g is of the size (N -n,) x1.

It is worth to mention that in the method of lines, the system of equations are
solved for the unknowns on the lines which are located inside the domain, while the
known boundary conditions related to the descritized spatial dimension need to be
applied manually to the system of equations. The next chapter presents the
implementation of the proposed numerical procedure to solve the nonlinear coupling

problem.
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CHAPTER 5
DYNAMIC RESPONSE OF THIN ANISOTROPIC PLATES
SUBJECTED TO TRANSVERSE IMPACT AND IN-PLANE
ELECTROMAGNETIC LOADS

In this chapter, the mathematical framework described in Section 3 and the
numerical procedure developed in Section 4 are used to study the effects of
electromagnetic fields on the dynamic response of a carbon fiber polymer matrix

composite plates.

5.1 Motivation

The present study was partly motivated by the experimental studies of Telitchev
et al. [1, 2] and Sierakowski et al. [3], who investigated the impact response of electrified
carbon fiber polymer matrix composites and showed that impact resistance of composites
can be improved by subjecting them to electrical load at the moment of impact. The
studies included a series of low velocity impact tests on electrified unidirectional and
cross-ply carbon fiber polymer matrix composites. The tests were carried out under DC
current up to 50 A (corresponding current density was 65,617 A/mz) DC electric
current applied to the composite plates. The results of measurements showed
considerable dependence of the impact-induced damage upon the intensity of the electric
field applied to the composite: the stronger was the applied current, the less damage was
observed in the experiments. At the same time, it was demonstrated that in contrast to a
short-term current application that improved the impact response of the tested composite

plates, a prolonged application of an electric current apparently had a detrimental effect
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on the composites. This motivated the present work to investigate the influence of the
various electromagnetic loads including DC, AC, and pulsed electric currents on the

dynamic response of CFRP composites.

5.2 Long Thin Transversely Isotropic Plate

5.2.1 Problem Statement

Consider a thin unidirectional fiber-reinforced electrically conductive composite
plate of width a and thickness h subjected to the transverse short duration load p,
pulsed electric current of density J°, and immersed in the magnetic field with the
induction B”. The plate is transversely isotropic, where y—z is the plane of isotropy and
X—Y coincides with the middle plane of the plate. The plate is assumed to be long in the
fiber direction, which is also the direction of the applied current ( x -direction), simply
supported along the long sides, and arbitrarily supported along the short sides (Fig. 5).

We are interested principally in how an electromagnetic field alters the
mechanical response of the plate to the impact load. Thus, the simple plate geometry is
chosen deliberately to elucidate the effects of interaction of the mechanical and
electromagnetic loads.

The density of the applied electric current is

J=(3;,0,0). 5.1)

Various electric current waveform including DC, AC, and pulsed currents will be

analyzed.
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Figure 5. Unidirectional composite plate subjected to the pulsed electric current,
transverse impact load, and immersed in the magnetic field.

The plate is also immersed in the constant in-plane magnetic field
B"=(0,8;,0),
B, = const. (5-2)
In addition, it is assumed that the plate is subjected to a short duration impact load
applied transversely to the plate, and this load results in the time-varying compressive

pressure distribution, p(y,t), given by:

2
po,/l—[%j sinlt, ly|<b, O<t<z,,
p(y,t)= Tp

a (5-3)
o} b<|y|§5, t>7,.

This line pressure mimics the Hertz contact pressure distribution in the quasistatic
problem of the elastic impact [135] in the sense that it has a parabolic shape with the

maximum located at the center (y =0) and zeros located at the ends of the region to
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which it is applied (y =+b). Here p, is the maximum contact pressure, b is the half-size
of the contact zone, and 7, is the characteristic time parameter, which determines the
duration of the applied pressure. Note that in the Hertzian model, the size of the contact
region increases with an increase in the load, whereas the distribution in (5-3) can be
interpreted as a time-varying pressure over the maximum contact area. Moreover, the
load is assumed to result only in elastic deformation, and the plate is assumed to be

initially at rest.

As for the boundary conditions, the plate is simply supported:

T

z |z:D =—p(y,t),
2

u = =M =0, (5-4)

y |y=i621 z |y:i yy |y=i

and the boundary conditions for the electromagnetic field are taken as

(5-5)

The first electromagnetic boundary condition ensures that the electric current does
not pass through the boundary y =—a/2. The second boundary condition implies that the
tangential component of the electric field on the surface of the plate is zero.

It is also assumed that the electric current is applied to the composite plate
through the copper bar electrodes attached to the short sides of the plate (Fig. 6), which
may result in a non-negligible contact resistance heating with density g, . The boundary
condition at the electric contact is

oT (composite) oT (electrode)

—k (electrode)

k _—_— —_—
T ox ox e (5-6)
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where k, and k(®¢°%) are the thermal conductivities of the composite (in

X — direction) and electrode, respectively. The density g, is determined as

2
q. = ‘Jx Rc' (5_7)
where R, is the electric contact resistance. The surfaces of the composite plates and
electrodes, other than those that are in the electric contact, are assumed to be exposed to

air, and Newton’s convection takes place there.

Copper bar

electrode
Composite plate

Figure 6. Composite plate and the attached copper bar electrodes.

The following plate parameters are considered in the study. The width of the plate
IS a =0.1524 mand the thickness is h = 0.0021m. The plate is assumed to be made of the
AS4/3501-6 unidirectional carbon fiber reinforced polymer matrix composite with 60%
fiber volume fraction. The material properties of the composite are as follows: density
o =1594 kg/m*, Young’s moduli in fiber direction, E, =102.97 GPa and in transverse
direction, E, =7.55 GPa; Poisson’s ratios, v,, =v,, =0.3; electric conductivity in fiber
direction, o, =39000 S/m; specific heat C =1389.2J/kgK, thermal conductivity in the
fiber direction k, =10.88W/mK, thermal conductivity in the transverse direction

k, =k, =116 W/mK .
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The dimensions of the copper electrodes, through which an electric current is
injected to the plate, are 0.1524x0.1016x0.009525m . The electrode material properties
are: density p°® =8700 kg/m?®, specific heat C® =380J/kgK, thermal conductivity
k® =401W/mK, and electric conductivity o° =5.81395349x10" S/m. The coefficient for
the free convection between the composite and air is 23W/m?K , the one between the
electrode and air is 12 W/m?K , and the ambient temperature is 23 °C . The electric
contact resistance is R, =0.0424Q. Both the size of the electrodes and the contact
resistance are taken from the experimental studies on the electrified CFRP composites
[3].

Mechanical loads (5-3) with different characteristic time and maximum contact
pressure will be discussed. The half-size of the contact zone is b =h/100. The
electromagnetic load consisting of the electric current (5-1) and magnetic field (5-2) may
vary to investigate its effects on the thermal and mechanical response of the plate. In

addition, DC and AC electric currents will be analyzed.

5.2.2 Analysis of the Electromagnetic Field Induced in the

Composite Plate by the Applied Electric Current

In this section, the electromagnetic fields that are induced in the electrified
composite plate by the electric current of various waveforms applied in the fiber direction

are analyzed. The electric currents under consideration are the DC current with density
JP¢ =3¢ =const,
X 0 (5'8)

the AC current with density
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AC= AC — AC AC >
J, =3, ({t)=J," sino™t, t>0, (5-9)

where J2¢ is the maximum AC current density, and the pulsed current with density

IP=3P() =3 e sin”t, t>0,
T

c

(5-10)

where z_ is the characteristic time parameter. It is assumed that the maxima of AC and
pulsed current are reached at the same moment of time and are equal to the magnitude of
the DC current. Figure 7 shows the three different waveforms, DC, AC and pulse (the
corresponding characteristics of the pulsed current are J; =5-10°A/m”, andz, =10ms,
and 0™ =0.0047/z,).

Computations of the magnetic field induced in the composite plate by the current
waveforms (5-8), (5-9), and (5-10) have been performed in COMSOL Multiphysics 3.5a.
It was assumed that the plate is long enough in the fiber direction that the variation in the
field in that direction can be neglected, making a 2D analysis sufficient. Moreover, the
electromagnetic field is calculated in the plate as if it were rigid, and, thus, convective
terms are neglected in the constitutive equations (3-3).

Figure 8 shows contour plots of the magnetic induction in the composite plate
subjected to the pulsed electric current. The current density is J} =5-10° A/m?, which
corresponds to the peak of the electric current equal to 1600 A and 7, =10ms . The
magnetic induction is plotted at the moment of time t =4ms that corresponds to the peak
of the electric current, and, thus, to the maximum strength of the electromagnetic field
induced by the pulsed current.

The distribution of the magnetic field in the plate subjected to DC and AC
currents is similar at t =4ms, when all three current waveforms have the same

magnitude. Figures 9 and 10 shows the magnetic induction along the middle plane, z =0,
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and along the z-— axis, y =0, respectively, both at t =4ms for the considered electric

pulse.

----- Pulsed Current Density
=== DC Current Density
—— AC Current Density

Current Density [108A/m?]

Figure 7. Different waveforms of the applied electric current

0.38 04 0.42 0.44 0.46 0.48 0.5
y/a

B =4206x10"T
max

I
05 10 15 20 25 30 35 40 x10°

Figure 8. Contour plot of the magnetic induction B in the composite plate subjected to
the pulsed electric current
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35
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Figure 9. Magnetic induction along the middle plane, z=0
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It is worth to mention that there is a direct relationship between the magnitude of
the electric current and strength of the induced magnetic field, as follows from Maxwell’s
equations (3-1). In other words, the results presented in Fig. 8 for the specific current
density J; =5-10° A/m? can be easily scaled if the current density changed.

Overall, the performed computations enable to estimate the magnetic field
induced by the electric current, which is important for the evaluation of coupling between
electric current, magnetic field, and mechanical field.

The next section is concerned with evaluation of the thermal field induced by the

applied electric current.

5.2.3 Heat Transfer in the Electrified Composite Plate

In this section, temperature changes in the composite plate induced by the
application of an electric current are analyzed. The 3D heat transfer analysis is performed
in COMSOL Multiphysics 3.5a. For the purpose of the heat transfer analysis, it is
assumed that the length of the plate is 10 times larger than the width.

First, the heating in the plate produced by the pulsed current (5-10) is compared
with that produced by the direct current (DC) of the constant magnitude and alternating
current (AC). Figures 11, 12 and 13 show the maximum temperature, T, , developed in
the composite plate due to the applied DC (5-8), AC (5-9), and pulsed (5-10) currents at
two different values of the electric contact resistance R, =0.0212Q and R, =0.0424Q.
The latter value is taken from the experimental study [3], and the first one, which is twice
smaller, is taken for the comparison purposes. It is assumed that the maximums of AC
and pulsed currents are reached at the same moment of time and are equal to the

magnitude of the DC current as shown in Fig. 7. The corresponding characteristics of the
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pulsed current are J? =5-10° A/m?, which corresponds to the peak of the electric current
equal to 1600 A, and 7, =10ms.

As it can be seen, application of the AC current reduces composite’s heating rate
as compared to the DC current application, but does not change the overall trend. At the
same time, application of the pulsed current leads to a significant reduction in the
maximum temperature attained in the plate and has the highest potential to eliminate the
negative thermal effects experimentally observed in composites subjected to DC currents

[3, 136, 137] including thermal stresses and polymer matrix degradation.

523 + — DC Current, R=0.0424 Q
—_ DC Current, R=0.0212 Q
,gi 423
L
2 323
| -
o
c 223
|°_’
s 123
>
23 ey
0 002 004 006 0.08 0.1
Time [s]

Figure 11. Maximum temperature with respect to time in the plate subjected to the DC
current (3P =5-10°A/m? and 7, =10ms)
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AC Current, R=0.0212 Q
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Figure 12. Maximum temperature with respect to time in the plate subjected to the AC
current (JP =5-10°A/m? and 7, =10ms)
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Figure 13. Maximum temperature with respect to time in the plate subjected to the pulsed
current (J? =5-10°A/m? and 7, =10ms)
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The temperature in the plate is also strongly affected by the electric contact
resistance. It is worth noting that the glass transition temperature for the considered
composite material is around 190 °C . The performance and material properties of the
polymer matrix composites are strongly affected by the temperature. In particular, there is
deterioration in the material properties at temperatures above the glass transition
temperature. Figure 14 shows the temperature distributions in the plate along the fiber
direction at the moment of time t =6ms (i.e., the moment of time at which the
temperature due to the applied pulsed current reaches maximum). The results are
presented for DC, AC, and pulsed currents shown in Fig. 7. The corresponding
characteristics of the pulsed current are J? =5-10° A/m* and 7, =10ms and the electric
contact resistance is R, =0.0212€ . The temperatures are plotted against the
dimensionless distance x/I from the composite-electrode interface (I =10a, as was
stated previously, and x/l =1 corresponds to the composite-electrode interface).

Figure 15 shows the temperature distributions in the plate along the fiber direction
at the moment of time t =6ms (i.e., the moment of time when the temperature reaches
maximum) versus the dimensionless distance x/l from the composite-electrode interface
(I=10a, as was stated previously, and x/lI =1 corresponds to the composite-electrode
interface) for various pulsed currents.

As one can see, there is a strong gradient in the temperature field along the plate,
but significant temperature growth associated with high electric currents occur only in the
regions immediately adjacent to the electric contact (composite-electrode interface).
There is practically no change in temperature close to the middle of the plate. These
results, together with the temporal temperature variations in the electrified plate, suggest
that the temperature changes associated with a pulsed electric current will rather result in
the composite material degradation near the electric contact than development of thermal
stresses in the plate as opposed to the long-term applications of the DC currents of much

lower magnitudes (see, e.g., [103]) that result in the significant thermal stresses
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developed across the plate. Thus, thermo-mechanical coupling can be disregarded in the
overall evaluation of the mechanical response of the composite plate subjected to the
pulsed electric currents. On the other hand, the heat transfer analysis is essential in
determination of the range of electric loads, under which no deterioration in the material
properties of the composite occurs, since this range depends not only on the
characteristics of the applied current, but also on the material properties and electric
contact (see, for instance, the work by Sierakowski et al. [3]).

Finally, the influence of the pulsed current characteristic time z, on the thermal
response of the composite is considered. Figure 16 shows the maximum temperature in
the composite plate as a function of time for three different waveforms of the pulsed
current with J¢ =5-10° A/m? and characteristic time parameters ¢, = 5ms, 7, =10ms,

and 7, =20ms.

[ ====- Pulsed Current
200 _ DC Current
. C —— AC Current
@) i
S~ 150 +
> i
o L
3 -
H .
S 100 |
(D) L
g_ |
50 +
= i
0 ————
09996 09997 09998 09999 1

x/1

Figure 14. Temperature in the middle plane of the plate along the fiber direction at
t=6ms for DC, AC, and pulsed currents (Jf =5-10° A/m*, 7, =10ms,
R. =0.0212Q2 )
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—— J,=5.108 A/m?
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Figure 15. Temperature in the middle plane of the plate along the fiber direction at
t=6ms for various pulsed currents, 7, =10ms

Pulsed Current, 7.=20 ms
----- Pulsed Current, 7.=10 ms
=—Pulsed Current, 7.=5 ms
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Max Temperature [°C]
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Figure 16. The effect of 7, on the maximum temperature in the plate, J® =5-10° A/m?
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As expected, a larger characteristic time leads to a larger temperature rise in the

composite plate.

5.2.4 Mechanical Response of the Composite Plate

Subjected to Impact and Electromagnetic Loads

In this section, a mechanical response of the long unidirectional CFRP composite
plate described in Section 5.2.1 and subjected to impact and various types of
electromagnetic loads, which include DC, AC, and pulsed current as well as a constant
in-plane magnetic load, is analyzed. The objective is to elucidate the effects of the
various electric current waveforms on the mitigation of stress caused by the impact load.
It is assumed that the intensity of the current is such that the associated thermal effects
are negligible (as discussed in the previous section) and only electromagnetic effects are
taken into account in the evaluation of the mechanical behavior of the plate. The plate is
subjected to impact load (5-3), pulsed electric current (5-10), or DC (5-8), or AC (5-9),
and magnetic load (5-2) is analyzed. The mechanical and electromagnetic boundary
conditions are (5-4) and (5-5), respectively.

To solve this problem, the 2D plate formulation described in Chapter 3 and the
numerical solution procedure developed in Chapter 4 are employed. The plate is
transversely isotropic (y —z is the plane of isotropy) and long in x-direction. Thus, the
problem admits the assumption of independence of the components of mechanical and
electromagnetic fields of the coordinate x, which reduces the equations of motion (3-15)

to the form:

www.manaraa.com



65

OoN 2 - ON
W _ ph &Y 4 o hE,B, +o,hB2 Y L5 e B, Wy S e g T
oy at? a2 ot oo
1 oW *
_E(gx —go)hExBy1?+ hB,J, (1),
oN o?w 1 1 v o1 1 ow
yz 2 2
ay = ph atz + p(yvt)_EthExByl _EGXhBleZ E'i'zo-xh(Byl +§By2ja
1 oW ow 1 *
+Eo-XhZBZBy2§_(8X _gO)hEXBZE_EhByl‘]X(t)’
My, ph® o°w 1 _iepp. W 1 3 0W
- 2 vz ~ 74 O0x 2Py2 o T 145 Yx Z Ay
oy 12 ot 1 o 12 ot (5-11)
1 2 oW (& —) oMy,
_E(gx —&9)h?E,B,, - » BB, —
o1
oy hB, ¥’
w12
ayz h3822 yy?
w
oy
and Maxwell’s equations (3-1) to the form:
B
Ux/u(Ex +@BZ —E%Bﬂj: aBZ __y2’
ot 2 ot oy h
0B, _ OB« (5-12)
o oy
Here the following notations are introduced:
By=By+By, B,=B -8B,
B,,=B,+B,, B,=B -B,. (5-13)

The stress and moment resultants in the considered transversely isotropic plate

with y—z plane of isotropy are given by (see, e.g., [106]):
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h h h h
2 2 2 2
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h oW
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2 2 2
h h
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where the coefficients By;, Bj,, B,, and A, A, are determined using generalized

Hooke’s law:
E Enyy Ey
B11:—1 . , B12:1 ’ Bzzz—l )
~VayVyx ~VxyVyx ~VayVyx
Vxy (1 Ty ) Vyz T VyyVyx (5-15)
AT T T
~ViyVyx ~ViyVyx

Here E, is Young’s modulus for the fiber direction, E, is Young’s modulus for

the isotropy plane, v,, is Poisson’s ratio characterizing the contraction within the plane

yz

of isotropy for forces applied within the same plane, v,, is Poisson’s ratio characterizing

Xy
contraction in the plane of isotropy due to forces in the direction perpendicular to it, and
vy 1S Poisson’s ratio characterizing contraction in the direction perpendicular to the
plane of isotropy due to forces within the plane of isotropy.

The system of equations (5-11) and (5-12) is a mixed system of nonlinear

hyperbolic and parabolic PDEs for the thin transversely isotropic plate subjected to the
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defined electromagnetic loads and time-varying compressive pressure. This system can

be rewritten in the vector form (4-2), where the unknown vector g stands for

)
g=[v.wW,N, N, M,E,B,]. (5-16)

The boundary-value problem (5-4)-(5-5) for the system (5-11) and (5-12) has
been solved using the numerical procedure described in Section 4. The procedure consists
of sequential application of Newmark’s finite difference time integration to the non-linear
system of PDEs (5-11) and (5-12), reduction of the resulting non-linear system of ODEs
to the sequence of the linear two-point boundary-value problems via quasilinearization,
and finally applying fourth-order Runge-Kutta’s finite difference spatial integration and
performing modified Gram-Schmidt orthonormalization at every integration step. The
final form of the system of governing equations is presented in Appendix.

The four homogeneous and one non-homogenous initial vectors for the 1D

problem are:

Nf°™ =0,0,1,0,0,0,0,0],

Njo™ =[0,0,0,1,0,0,0,0],

Nfo™ =0, 0,0,0,1,0,0,0],

g T (5-17)
Nf°™ =10,0,0,0,0,0 —2—+¢, -1] ,
2 BAt

* T
N"™"" =10,0,0,0,0,0, & 05 ~¢,B), ~ 05 | -

The matrices D, and D,, and vectors d, and d, in (4-4) for the 1D problem are:

1 0 00000, 0
0, 1 00000, 0
D,=| 0, 0 00010 0 (5-18)

*

k -B k
g—8| Y ' Oa 01 01 01 1$ g—l + é/]_
| 2pMt 2pAt 2 AL
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1; 01 01 Oa 01 O, O, 0
0014, 0 0 0 0 0 0
D2= y
00 0 0 0 1 0 O
000 0 0 0 1 0
o et T
d,=/0,0,0-B,{, -2 |, d,=[0,00,0],

2 fAt

Next section presents the study on the validity of the proposed numerical method

followed by the numerical results and discussion.

5.2.4.1 Validation

The first step in the development of the numerical solution is to validate the
numerical procedure developed in Section 4. Here, this validation is done by comparing
the numerical results of the FORTRAN code developed in this thesis with the
corresponding analytical solution of the mechanical response of a long thin transversely
isotropic plate (Fig. 5) subjected to a transverse mechanical load. The analytical solution
of such a problem with a constant pressure p, all over the plate is proposed by

Timoshenko in series form as [138]:

= ——-——) ———=Ccos(wt

poa’ { 5 48 &sin(nz/2)

(5-19)

=25 SIS cos (at)

poaz{l 16 &sin(nr/2) |

2 "n n

where n is an odd number and

Lo mn’h By
2a* \\3p (5-20)
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is the modal frequency of the vibrations of the plate.

The comparison between the numerical and analytical solutions is shown in Figs.
17 and 18. For both cases, p, =10kPa and the time step is 0.0001s. Moreover, in the
numerical simulation, the number of divisions in the 'y -direction (n, ) is 50000. As it can
be seen in the figures, the results for the numerical solution for both the transverse
deflection and moment resultant of the middle of the plate match the results of the
analytical solution.

Figure 19 shows the mesh convergence of the numerical results while the time
step is 0.0001s. From this figure, the error analysis between the numerical and analytical
solutions for the transverse middle plane deflection reveals that the minimum divisions of
the plate corresponding to this time step should be 10000 to have less than 1 percent

error.

0.01 + Analytical Solution
e Numerical Solution
0.005 -+
ANAAANAA N
E,-0.005
S [
S -0.01
2 i
= [
S T
3 0.015 f
SMIARRRRRAR
-0.025
003 By
0 0.02 0.04 0.06 0.08 0.1
Time[s]

Figure 17. Comparison of the middle plate deflection between analytical and numerical
solutions for p, =10kPa, n, =50000 and time step of 0.0001s.
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20 - — Analytical Solution
----- Numerical Solution

\ARAADN
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-30

M, [N.m]

-40 -
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-60

B 1 e e
0 0.02 0.04 0.06 0.08 0.1
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Figure 18. Comparison of the moment resultant between analytical and numerical
solutions for p, =10kPa, n, =50000 and time step of 0.0001s.

% Error
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Figure 19. Error percentage versus number of divisions in the y - direction for
P, =10kPa and time step of 0.0001s.
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The appropriate size steps found from the validation procedure in order to obtain
accurate numerical results used in the next section to study the mechanical response of
the composite plate subjected to an impact load and various electromagnetic loading

profiles.

5.2.4.2 Numerical Results

The computational study has been performed for various electromagnetic loads in
order to elucidate the effects of the intensity, direction, and duration of the
electromagnetic field on the impact response of the plate. The intensity of the
electromagnetic load was restricted by thermal effects considerations discussed in Section
5.2.3. At the same time, the induced magnetic field due to this current, which was
discussed in Section 5.2.2, is much smaller than the applied magnetic field (5-2).

For all numerical results in this study, the desired convergence and stability were
obtained for the time step of 0.0001 s and the spatial step of ax10™° m, where a is the
width of the plate and 10° is the number of discretization points along the y-direction.
The step-size of the Runge-Kutta method was the same as the spatial step. Moreover, the
number of steps required to achieve convergence in (4-6) was less than three in all
numerical examples.

First, the influence of the electric current waveform on the deflection of the plate
is discussed. Figures 20 and 21 show the transverse middle plane deflection, w, at the
center of the plate (y = 0) as a function of time for the plate subjected to the prescribed
impact load (5-3), magnetic load (5-2) with a relatively low induction B; =0.1T,and
DC (5-8), AC (5-9), and pulsed (5-10) electric currents. It is assumed that the maximums

of AC and pulsed current are reached at the same moment of time and are equal to the
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magnitude of the DC current. The corresponding characteristics of the pulsed current are
3P =10°A/m? (in Fig. 20) and JP =5-10°A/m? (in Fig. 21) and 7, =10ms in both figures.
As it was expected, the contribution of the electromagnetic load into the
deflection response becomes more noticeable with an increase in the magnitude of the
electric current density for all three waveforms. There was practically no difference due
to an electromagnetic load observed at the lower current densities. At the same time, only
a pulsed electric current leads to a marked decrease in the amplitude of the plate’s
vibrations over the extended period of time, while both DC and AC currents do not
produce such a sustainable effect. An increase in the strength of the external magnetic

field also has a distinct effect on the deflection response of the plate.

0.015 Mechanical Load Only
C DC Current
0.01 { = = = AC Current
'g‘ Flomm- Pulsed Current
‘= 0.005 | [ ! N A
g : f l\ \ “l l' l\ :\l
msinnnn _' _l
% Al '
a [\
-0.005 I \! \l
001
0 0.05 0.1
Time [s]

Figure 20. Plate’s deflection as a function of time: effect of the electric current
waveforms at the low current density (J; = =10° A/ m?) and low magnetic
induction ( B ~0.1 T)

www.manaraa.com



73

0.015 — Mechanical Load Only
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_, ool b= Pulsed Current
= 0005 | | fi /ﬂ ] §
g . - ’& 5 “ g i' :lh
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8 . EEER t.‘l‘..a.‘-:'
— A y = ] [ b
5 A\ ‘ ' U 7
-0.005
001 +——r—
0 0.05 0.1
Time[s]

Figure 21. Plate’s deflection as a function of time: effect of the electric current
waveforms at the high current density (J¢ =5-10° A/m?) and low magnetic
induction (B, =0.1T)

Figure 22 shows the transverse middle plane deflection, w, at a higher magnetic
induction B; =1.0 T at DC (5-8), AC (5-9), and pulsed (5-10) electric currents. As
before, it is assumed that the maximums of AC and pulsed current are reached at the
same moment of time and are equal to the magnitude of the DC current. The
corresponding characteristics of the pulsed current are J? =10° A/m* 7, =10ms.

As one can see, there is a significant reduction in the amplitude of the vibrations
over time for large values of the magnetic induction. This is related to the two-way
electro-magneto-mechanical coupling terms in the Lorentz force (3-7) that include

velocity and external magnetic induction terms.
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0.015 - ——Mechanical Load Only
i DC Current
- === AC Current
0.01 +
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Figure 22. Plate’s deflection as a function of time: effect of the electric current
waveforms at the low current density (J7 =10° A/m?) and high magnetic
induction (B ~1.0 T)

Next, we look specifically at the pulsed electric current and the effect of the pulse
duration. Figure 23 shows the mechanical load at the center of the plate (y =0) as well as
three different electric pulses applied to the plate over time. Note that the maximum
electric current density is the same for all three pulses, where J, =10" A/m?, but the rise
and fall times, which are determined by z_, are different, ranging from z_ = rp/z to
7. =27,.

Figure 24 shows the transverse middle plane deflection, w, at the center of the
plate (y =0) as a function of time for four different loadings consisting of the mechanical
load only and combined mechanical and electromagnetic loads. Electromagnetic loads
consist of the various pulsed currents (5-10), which are shown in Fig. 23, and constant

magnetic field B, =0.1T .
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Figure 23. Mechanical load and density of the pulsed electric currents as functions of
time.

= Mechanical load only
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Figure 24. Plate’s deflection as a function of time: effect of the electric current waveform
(J,=10" A/m*, B} =0.1T, p, =10 MPa).
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As one can see, electric current waveform has a noticeable effect on the plate
deflection. It changes the plate’s response during the time of application of the impact
load (t <z, =10 ms), reduces the amplitude of the subsequent vibrations, and slightly
changes the frequency of vibrations. The maximum reduction in deflection occurs when
application of the mechanical load is coordinated with application of the pulsed electric
current, i.e., 7, =7,. Figure 25 gives a close-up view of the plate’s middle plane

deflection, w, at y =0 for the first 10 ms (i.e., presumable impact event).

= Mechanical load only

r | =5ms
0.004 I Bt 1.=10ms
0.002 +
0 -
£, F
= -0.002 +
2 [
S L
& -0.004 +
= E
2 X
O 0.006 +
-0.008 +
001 A
0 0002 0004 0006 0.008 0.01
Time[s]

Figure 25. Plate’s deflection as a function of time: effect of the electric current waveform
on the impact response for
t<r,=10ms(J,=10" A/m?*, B; =0.1T, p, =10 MPa).

External in-plane magnetic field B” = (0, B;,O) also alters the mechanical
response of the plate. Figure 26 shows the deflection w at the center of the plate (y =0)

as a function of time for the magnetic fields of different intensity ( B; =01T, B; =10T,
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and B; =2.0 T). In all three cases, the electric current density is determined by (5-10),

where J, =10° A/m?, 7, =7, =10 ms.

== Mechanical load only

0.01 - By =0T
----- B,=+10T
B,=+20T
0.005 n
Loy | ¥ '\
E A
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8 YR
e Y
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=)
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001 A
0 002 004 006 008 01
Time[s]

Figure 26. Plate’s deflection as a function of time: damping effect of the magnetic field
(J,=10° A/m*, 7, =7, =10 ms, p,=10 MPa).

Note that in Fig. 26, the “mechanical load only” case is practically
indistinguishable from the case with B; =0.1T. Figure 26 shows that an increase in the
magnetic induction tends to reduce the amplitude of vibrations of the plate with a trend
towards a more rapid decay at the higher induction magnitudes. The observed results are
independent of the magnitude of the electric current density and will prevail if the electric
current density increases. The damping effect is attributed to the two-way electro-
magneto-mechanical terms in the Lorentz force (3-7) that couple magnetic induction and

velocity terms and that increase with an increase in the magnetic induction or velocity. If
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these terms are omitted from the Lorentz force, there will be no evident decay in the
amplitude of the vibrations. This is shown in Fig. 27, where impact responses of the plate

for one-way and two-way electro-magneto-mechanical couplings are compared.

= Mechanical L.oad Only
001 One-Way Coupling
[ = == Two-Way Coupling
— 0.005 n n
E AN p
=
= TR N
g .
[ l \ YR o
A
0005 u
0.01 [ e g un P S |
0 0.02 0.04 0.06 0.08 01

Time [s]

Figure 27. Damping effect of the external magnetic field ( p, =10 MPa, J, =10° A/m2 ,

T, =71, =10 ms, and B; =1.0T).

The characteristics of the electromagnetic field are p, =10 MPa,

J,=10° A/m?, 7,=7, =10 ms, and B, =1.0 T. For the one-way coupling case, the

C

mechanical field has no effects on the Lorentz force, which means:

L _
F-=JxB. (5-21)

It can be seen that the damping effect occurs only in presence of the two-way

coupling terms. However, this is barely noticeable if small values of the external
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magnetic induction are used, as shown in Fig. 28. Here, p, =10 MPa, J, =10" A/m?,
7, =7, =10 ms, and B; =0.1T. Thus, the magnitude of the magnetic field plays an

important role in the damping of the vibrations of the plate over time.

= Mechanical L.oad Only
001 One-Way Coupling
[ = == Two-Way Coupling
— 0.005 n n n n
E A AN T
5
=
3 0
=
€
A
0005
_0_01:\\\,\\ |||||| 1 |
0 0.02 0.04 0.06 0.08 01
Time [s]

Figure 28. Negligible damping effect for a small magnetic field ( p, =10 MPa,

Jo=10" A/m?, 7, =7, =10 ms, and B} = 0.1 T; the two curves coincide).

4

As for the electrical conductivity, its effect on the plate response is similar to the
effect of the magnetic induction: an increase in the electrical conductivity leads to a
decay in the amplitude of the plate vibrations over time. The decay becomes more
pronounced at the stronger magnetic fields, which themselves induce damping
independently of the conductivity. This is an expected result that can be directly inferred
from the analysis of the Lorentz force (3-7). The effect of the electrical conductivity on

the short term-response of the plate is negligible when the magnetic field is relatively
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low. For instance, there is no further improvement in the response of the plate subjected

to the mechanical and electromagnetic (J, =10° A/m*, 7, =7, =10 ms, B, =0.1T) loads,

c

even when the conductivity is increased hundred times

(o, =1000

composite

=3900000 S/m), as shown in Fig. 29. The results are shown for two

different electrical conductivity values: o, =0,

composite

=39000 S/m, which corresponds to
the AS4/3501-6 unidirectional carbon fiber reinforced polymer matrix composite with

60% fiber volume fraction, and o, =1000,

composite

=3900000 S/m.

== Mechanical load only

0.004 -

G = Ocomposite
----- c =100 G composite

0.002
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-0.004
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-0.01 t . . i .
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Figure 29. Plate’s deflection as a function of time: effect of the electrical conductivity at
J,=10° A/m?, 7, =7,=10ms, B) =0.1T, p, =10 MPa (blue and red curves
coincide).

As the magnetic field increases, the effect of the electrical conductivity becomes
more prominent, even for relatively low electric current densities. Figure 30 shows the

effect of the electrical conductivity on the middle plane deflection, w, at y=0. The
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characteristics of the electromagnetic field are J, =10° A/m?, 7, =7, =10 ms,

B; =0.5T. The elect

rical conductivity values are o, = o, = 39000 S/m, which

corresponds to the AS4/3501-6 unidirectional carbon fiber reinforced polymer matrix

composite with 60% fiber volume fraction, and o, =1000,,,,,,s =3900000 S/m .

Deflection [m]

== Mechanical load only

G = Gcomposite

0.004
----- o =100 G composite

0.002
/
ll

-0.002

-0.004

-0.006

-0.008

001 e e

0 0.002 0.004 0.006 0.008 0.01
Time[s]

Figure 30. Plate’s deflection as a function of time: effect of the electrical conductivity
atJ, =10° A/m*, r, =7, =10ms, B) =05 T, p, =10 MPa.

As for the electric current density, an increase in the current density tends to

decrease the amplitude of the plate vibrations. Moreover, the effect of the electric current

density becomes more pronounced as the magnetic field intensity increases. Figures 31

and 32 illustrate the results. Figure 31 shows the middle plane deflection, w, at y =0.

The characteristics of the electromagnetic field are J, =10° A/m?, J, =10° A/m?

andJ, =10" A/m® at 7, = 7, =10 ms. The magnetic induction is the same for all three
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different current densities B; =0.1T. Figure 32 shows the middle plane deflection, w, at
y = 0. The characteristics of the electromagnetic field are J, =10° A/m?, J, =10° A/m’
andJ, =2-10° A/m” at 7, =7, =10 ms. The magnetic induction once again is the same
for all three different current densities, B; =10T.

Stress state in the plate subjected to impact load and pulsed electromagnetic load
was also investigated in this work. Figures 33 and 34 show contour plots of the
normalized normal stress, 7, / p, , of the plate subjected to the mechanical load only
(p, =10 MPa, 7/ =10 ms) and subjected to the mechanical load
(P, =10 MPa, 7, =10 ms) combined with the electromagnetic load (J, =10° A/m?,
r,=7,=10ms, B; =1.0 T), respectively. Stress is shown through the thickness of the

plate, z/h, and with respect to time, t, at y=0.

= Mechanical load only

F | eeeee =105 2
0ot | =105 A/m
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Figure 31. Plate’s deflection as a function of time: effect of the electric current density at
the low magnetic field, B, =0.1 T (black, blue, and red curves coincide).
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= Mechanical load only
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Figure 32. Plate’s deflection as a function of time: effect of the electric current density at
the strong magnetic field, B, =1.0 T.

Time [s]

Figure 33. Contours of the stress 7, /p, at y =0 of the plate subjected to the
mechanical load only ( p, =10 MPa, 7, =10 ms).
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Figure 34. Contours of the stress ¢ /p, at the y =0 of the plate subjected to the
mechanical and electromagnetlc loads ( p, =10 MPa, J, =10° Alm?,
7, =7,=10ms, B =1.0T).

As one can see, there is a significant reduction in stress over time, when the
electromagnetic load is applied, which is consistent with the vibrations decay shown in
Fig. 26.

The distribution of the stress 7, /p, over the cross-section of the plate at the
moment of time when the stress is maximum (t = 7ms ) for the case, when both
mechanical ( p, =10.0 MPa, 7, =10 ms) and electromagnetic ( J, =10° A/m?,

7, =7,=10ms, B, =1.0 T) loads are applied, is shown in Fig. 35.

As expected, the stress distribution is antisymmetric with respect to the middle
plane of the plate (z = 0) with the maximum and minimum stresses of the same
magnitude reached at the top and bottom of the plate at y = 0, respectively. In the case

when only mechanical load is applied to the plate, the pattern of the stress distribution is

similar to that shown in Fig. 35, but the stress magnitudes are larger. This shows that the
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application of an appropriate electromagnetic load to the anisotropic plate can reduce the

stresses caused by an impact load.

0.4

0.2

0.2

0.4

z/h
=

T I T T T | T T T $ T T T I T T L~ \q T
2 <

Figure 35. Contours of the stress 7 /p, at t=7ms when both mechanical and
electromagnetic loads are applied ( p, =10 MPa, J, =10° A/m?,
T, =7, =10 ms, By =1.0T).

5.3 Two-Dimensional Finite Plate

5.3.1 Governing Equations and Numerical Solution

Procedure
From the 2D approximation of Maxwell’s equations (3-37) and in absence of the

external magnetic induction in x -direction, that is B = 0, the expression for E, can be

obtained as:
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Moreover, the resultants N N

wr Ny, M, and M,y can be written in terms of

other variables as:
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Therefore, considering the type of loading on the plate and ignoring the small

terms which contain (gy go), the system of equations for a 2D plate reads as
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which include eight mechanical and two electromagnetic variables. This system can be

rewritten in the vector form (4-2), where the unknown vector g stands for

g =[U,v, Ny, Ny, W, W M N E, B, ]

e (5-25)

in which the order of the variables was selected such that the resulting matrix of
coefficients of the system is close to a band matrix: first the four in-plane displacements
and resultants followed by the four out-of-plane unknowns, and finally, the two
electromagnetic variables. This is helpful to yield a less ill-conditioned matrix of
coefficients.

The method of lines discussed in Section 4.4 is now applied to the system of (5-
24) to discretize one of the spatial independent variables (x). To do so, all the derivatives
with respect to x are replaced with the corresponding finite difference approximations
(4-20). The plate is partitioned in the x -direction by n, number of lines where x = £1/2
are the boundary lines, the line x =—1/2+ Ax is the first line i =1 and the line
X =+1/2—-Ax is the last line i = n, . After applying the method of lines, the final vector
of unknowns reads as:

g =[u" v, Ny Ny wh WM N B, By,

2.2 N2 N2 w2 W2 M2 N2 F2 R2
u®,ve, Ny N, wo, W Mo NG, BB,y

u, v N N wh, W M N E R BT

(5-26)

The boundary conditions for x = +1/2 need to be applied manually to the
adjacent lines in the system of equations. Therefore, the PDEs system of (5-24) is now
reduced to a system of ODEs that can be solved by the same numerical procedure used
for the 1D case: MOL is followed by the Newmark’s time integration and
quasilinearization. Then the resulting linear system of ODEs is integrated in y -direction

while orthonormalization is applied which yields the final solution over the plate.
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The 5n, homogeneous and one non-homogenous initial vectors for the 2D
problem are:

[ 10(i-1) 10(n, i) 1"
Nfem 1 o 0,0,010,0,00000,0 0
1,i - 3 ey y Yy Yy 4 Uy, Uy Uy Uy Uy Uy Uy Uy ey y
[ 10(-1) 10(n, i) T’
Nbom = | 0 0,0,0,0,1,0,0,0,0,0,0,0 0
N y oy V,U, U, U, LU, U U U U UL ,

[ 10(i-2) 10(n-) T
Nfe™ = | 0 0,0,0,00010,0,0,0,0 0
30 = 1y 1Yy Yy Yy Uy Uy 4y Yy Uy VM Yy Yy ey ’ (5_27)
[ 10(i-1) 10(n i) "
NP =10, ..,0,0,0,0,0,0,0,010,0,0,..0
4 - PARRRE} 1Yy Yy Uy Uy Uy Uy Yy 4 Yy Yy Yy ey 1
- U
10(i-1) K 10(ny—i)
NPem —10,...0,0,0,0,0,0,0, -2 _4+¢, -10,.., 0
5i — LEREES] 1Yy Uy Uy Uy Uy U 21 1 Uy ey ’
' 2 BAt
10(i-1) 10(n, i) |’

N"e"e™ —10,...,0,0,0,0,0,0,0, £,05 — 5By, — 55, 0, ..., 0
- ) ey 1 Yy ’ ’ ’ 1] ,é/zglo 4/5 y! 9101 ) ey

The boundary conditions for the finite 2D plate are defined as follows: at
y =+a/ 2, similar to 1D problem, the plate is simply-supported:

2 (5-28)

and the electromagnetic boundary conditions the same as (5-5). As a results, the matrices

D, and D,, and vectors d; and d, in (4-4) for the 2D problem become:
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A, 0 ...,0 A,, 0 ...,0
0, A,-,0 0, A,, -0
D, = : .. : , D= : .. : '
0, ---, 0, A; 0, ---, 0, A, (5-29)
T T
dlz[a1’a11°°" al] , d, :[aziazi”" az] ,

where D, and D, are matrices of the size 5n, x5n,, d, and d, are vectors of the size

5n, in which
1, 0 00 O 0 00,0, 0
00 13, 00 O 0 0 00, 0
A= 0 0 060 1 0 00,0, 0 ,
o0 0 00 O 01 00, 0
oi -B, h
Ol 10 ' 01 Ol —y! 01 Ol 0! 11 —1+ é,]_ (5-30)
7 2t 2 At 2 At
11 01 Ol 01 01 O, 0, 0
0,40 0 0 0 0 0
A, = :
000 0 0 0, 1 0, O
0,0 0 0 0 0 1 0
. _oas] T
a,=/0000-B,5, - , a,=/0,0,0,0,0] .
1 62 2 AAt 2 [ ]

The mechanical and electromagnetic boundary conditions at x = +1/2 are:

x=iE y|x:i| =U; x=il - MXX|x=iIE =0,

| =0. (5-31)
X=+

The boundary conditions in (5-31) results in the following values of other
variables at x==+1/2:
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1 n
Vv VX
ny| | = hBGG y ny|x +% hBGG AX y
1 n
u ux
NW|xf 1 =hBy 25 NW|X+'2 =B
B
wh _h_ Bll 22 812 LZ(WZ _2VV1),
3
B -
Sl = BuBe g | Loz gyt (5-32)
=+ 120 Bp AX
W|x:il — Y
EJ_1=E. EJ_1=E
2
BZ|X:_1 = Bi" BZ| :+l = B?X'
2

Next section discusses the validation of the presented numerical solution

procedure followed by the numerical results of the mechanical response of the finite

plate.

5.3.2 Validation

To validate the accuracy of the code for a 2D finite plate, the numerical results are
compared to known analytical solutions. For the sake of simplicity, only the results for an
isotropic plate with the elasticity modulus E and Poisson’s ratio v are considered here.
The analytical solution for of the vibrations of the center of a simply-supported isotropic

plate subjected to a constant transverse load p, has the form [139]:

16 p0 sin(mz /2)sin(nz / 2)
W|x=0,y 0 Z—l% m n2 2 I:l—COS(a)mnt)],
mn (IZ + azj (5-33)
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where m and n are odd numbers; |, a, and h are the dimensions of the plate in x-, y-,

and z-direction; D is the flexural rigidity of the plate defined as:

D Eh®
12(1-v?) (5-34)
and
o _g2[m 0] [D
m 12 a2 |\ ph’ (5-35)

is the modal frequency of the vibrations.
If the load is applied in the form of p, sin(Qt) , the vibration of the center of the

simply-supported isotropic plate can be written as [108]:

» _16p, iisin(mn/Z)sin(n;r/Z)[ 0 Sin(wmnt)_sin(gt)}
[0

x=0,y=0 = _2 2 2
y T ph m=1 n=1 mn(a)mn -Q ) mn

(5-36)

where m and n are odd numbers.

Analytical results (5-33) and (5-36) have been compared with the numerical
results obtained using the numerical solution procedure described in Section 5.3.1. The
results of these comparisons are shown in Figs. 36 and 37. The plates under consideration
were a square and rectangular (1 = 2a) plates subjected to a constant transverse
compressive load p,. The material and geometric parameters were as following:
Young’s modulus E =102.97 GPa, Poisson’s ratio v = 0.3, plate width a = 0.1524m,
plate thickness h =0.0021m, and the constant transverse load p, =1000Pa . The
following parameters were also taken for the numerical simulations: n, =5, n, = 24000
and dt =0.1ms. Figure 36 shows numerical and analytical (Eq. (5-33)) solutions for the
square plate. Here deflection in the center of the plate (x =0, y=0) is plotted as a

function of time.
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0.00002 = Analytical Solution
----- Numerical Solution

Deflection [m]

Figure 36. Comparison of the middle plane deflection between analytical and numerical
solutions for the square plate: p, =1kPa, | =a
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Figure 37. Comparison of the middle plane deflection between analytical and numerical
solutions for the rectangular plate: p, =1kPa, | =2a
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Figure 37 shows numerical and analytical solutions for the rectangular (1 = 2a)
plate. Deflection in the center of the plate (x =0, y =0) is plotted as a function of time.
It can be seen that the amplitudes of vibrations obtained by using the numerical procedure
are in a reasonable agreement with the results of the analytical solutions. However, there
is noticeable dispersion between the numerical and analytical results because minimum
number of lines in the x —direction is considered for the numerical procedure (the
method of lines). The dispersion can be significantly reduced if the number of lines is
increased.

The numerical and analytical (5-36) results for the case of time-dependant load

P, Sin(€2t) are shown in Figs. 38 and 39. The material and geometric parameters of the
plates were the same as in the case of the constant transverse load: E =102.97 GPa,

v =03, a=0.1524m, h =0.0021m, and the amplitude of the load p, = 0.1MPa and
the frequency Q =100 rad/s. The following parameters were used for the numerical
calculations:n, =5, n, =24000 and dt =0.1ms. Figure 38 shows the numerical and
analytical (5-36) solutions for the square plate. Deflection in the center of the plate
(x=0, y=0) is plotted as a function of time.

Figure 39 shows numerical and analytical (5-36) solutions for the rectangular
(I =2a) plate. Deflection in the center of the plate (x=0, y=0) is plotted as a function
of time.

As it can be seen, the numerical results for both cases of constant and time-
dependent loads are in good agreement with the analytical results. It is worth to mention
that the pattern of vibrations of the pate subjected to a time-dependant load is a
consequence of the interaction between the applied load and natural vibrations of the
plate and depends on frequency of the load, aspect ratio of the plate, and its elasticity

modulus.
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0.004 —— Analytical Solution
A Numerical Solution
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Figure 38. Comparison of the middle plane deflection between analytical and numerical
solutions for the square plate: p, =0.1MPa and Q =100~ rad/s, | =a
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Figure 39. Comparison of the middle plane deflection between analytical and numerical
solutions for the square plate: p, =0.1MPa and Q =100~ rad/s, | =2a
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Fig. 40 shows the vibrations of an isotropic plate with different aspect ratios
subjected to a time-dependent load p, sin(Q2t) with p, =0.1MPa and Q =100x rad/s.
The modulus of elasticity of the plate is E =7.55GPa, and v =0.3, a=0.1524m,

h =0.0021m. As it can be seen, by increasing the aspect ratio of the plate, the vibrations
become smoother. The effect of Young’s modulus on the dynamic response of a square
plate is shown in Fig. 41. It is shown that the less stiff plate possesses a smoother curve
of vibrations which is related to the suppression of the natural vibrations of the plate by
the applied load. This observation is clearer if a small enough Young’s modulus is

considered for the plate as in Fig. 42 in which Young’s modulus is E =0.755GPa.

Deflection [m]
s = = 2
= i b L -

&

=
b

=
[¥5]

0 0.01 0.02 003 0.4 0.05

Figure 40. Effect of the aspect ratio on the plate deflection: p, = 0.1MPa and
Q =1007 rad/s
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015 — E=E;

Deflection [m]

0 001 0.02 0.03 0.04 005

Figure 41. Effect of Young’s modulus on the plate deflection: square plate, p, = 0.1MPa
and Q =100z rad/s

Deflection [m]

0 001 0.02 0.03 0.04 005
Time [s]

Figure 42. Effect of small Young’s modulus on the plate deflection: square plate,
P =0.1MPa and Q =100~ rad/s, E =0.755GPa
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Once the numerical solution procedure for the finite plate was validated, the
electro-magneto-mechanical coupling in finite anisotropic electrically conductive plate

was studied.

5.3.3 Numerical Results for the Finite Plate

In this section, the results of the numerical studies of the finite rectangular
electrically conductive transversely isotropic plate subjected to the mechanical load (5-3)
and pulsed electromagnetic loads (5-10) and (5-3) are presented. The plate is shown in
Fig. 43. The following plate parameters are considered. The width of the plate is
a = 0.1524 mand the thickness is h = 0.0021m. The plate is assumed to be made of the
AS4/3501-6 unidirectional carbon fiber reinforced polymer matrix composite with 60%
fiber volume fraction. The material properties of the composite are as follows: density
p =1594 kg/m®, Young’s moduli in fiber direction, E, =102.97 GPa and in transverse
direction, E, =7.55 GPa; Poisson’s ratios, v,, =v,, =0.3; electric conductivity in fiber
direction, o, =39000 S/m. The electric conductivities of the composite perpendicular to
the fiber direction are considered to be o, = o, =10 o, . The half-size of the contact
zone is b =h/10. Note that the plate parameters are the same as those for a long plate
(see Section 5.2.1), except for b that is h/10.

Additional validation of the numerical solution procedure for the finite plate was
done by performing computations for a long plate using codes for 2D (finite plate) and
1D (long strip plate) cases. For this purpose, the depth of the plate was chosen to be 10
times larger than its width (1 =10a) and the plate was assumed to be subjected to a
transient mechanical load described by Eq. (5-3) with the characteristics of p, =0.1 MPa

and Ty = 10 ms.
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Figure 43. Finite 2D plate subjected to the pulsed electric current, transverse impact load,
and immersed in the magnetic field.

In the 1D simulation, the time step was dt =10~*s and n, = 10°. For the 2D
simulation, same time step was used with n, = 10* and n, = 5. The results for middle
plane deflections are shown in Fig. 44. As it can be seen, the curves for 1D and 2D cases
coincide, from which it can be concluded that the code for simulating the 2D case yields
accurate results even with a few number of lines in the x -direction.

Next, the effects of the application of various electromagnetic loads on the
mechanical response of the plate have been studied.

The results reported below were obtained for the following parameters. The plate
was assumed to be rectangular with | = 2a, and the mechanical load (5-3) was such that

P, =1 MPa, 7, =10ms. The characteristic time of the pulsed electric current was

T

=17, =10 ms. Moreover, in all simulations the time step was dt =10"*s, the number

of lines was five, n, =5, and n, =10°.
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0.001 ¢ — 1D plate
00008 - = 2D long plate
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Figure 44. The deflection at the center of the plate over time for the 1D and 2D cases
(pp=0.1MPa and 7, =10ms).

Figure 45 shows the effect of the magnitude of the external magnetic induction,
B;, on the plate’s deflection. In this figure, the current density of the pulsed current is
fixed at J, =10° A/m? for all the cases. It can be seen that the results exactly follow the
same trend reported for the 1D case; i.e., an increase in the magnitude of the magnetic
field leads to a decrease in the amplitude of the deflection and a more rapid decay in
vibrations.

In Fig. 46, same cases are shown while the pulsed current density is increased to
J, =10° A/m?. The larger current density results in a larger suppression of the
mechanical load, however, the amplitude of the post-impact vibrations gets larger. This is
related to the fact that the pulsed current is still present in the plate after the impact load

is disappeared (see Fig. 23) and it can dominate the vibrations if it is large enough.
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Figure 45. Plate’s deflection over time: effect of the magnitude of the magnetic induction
when J, =10° A/m’.
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Figure 46. Plate’s deflection over time: effect of the magnitude of the magnetic induction
when J, =10° A/m°.
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Another important conclusion that follows from the results presented in Fig. 46 is
that the presence of the electromagnetic field may cause dispersion in the plate vibrations.
The amount of dispersion depends on the magnitude of both the electric current density
and magnetic induction. It is worth to mention again that, if both the current density and
magnetic induction are small, the vibrations of the plate would not be affected much
compared to the case when only the mechanical load is applied. This is also can be seen
in Figs. 45 and 46.

The effect of the magnitude of the electric current density is presented in Fig. 47.
Here, the magnetic induction is B; =0.1T for all the cases. Similar to the 1D case, since
the magnetic field is small, noticeable change in the vibration amplitudes is seen only
when the current density is large enough, here as large as J, =10" A/m?. Furthermore,

damping effect is ignorable when the magnetic field is small.

<3
€L
% = Mechanical load only
A o002 || . 3,=1085 A/m?

00025 - — \]0:106 /A/rn2

J0:107 Alm?
.003 -

0 0.02 0.04 0.06 0.08 0.1
Time [s]

Figure 47. Plate’s deflection over time: effect of the magnitude of the current density
when B, =0.1T (three curves coincide).
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The mechanical response of the finite plate in the presence of a larger magnetic
induction B; =1.0T isshown in Fig. 48. Now that the magnetic field is relatively large,
not only the damping effect is noticeable, but also the deflection of the plate is

considerably reduced at least during the application of the impact load.

0.0015 -
0.0005 - ‘
E 00005
=
o
=
g
% -0.0015 - ——— Mechanical load only
A 3,=105 A/m?
=106 2
0.0025 —— J,=106A/m
J0:2.106A/m2
-0.0035

0 0.02 0.04 0.06 0.08 0.1
Time [s]

Figure 48. Plate’s deflection over time: effect of the magnitude of the current density
when B, =1.0T.

In Fig. 48, the current density is reduced to J, = 2.10° A/m? for the last case
since for larger current densities, the electromagnetic load has an adverse effect and will
destructively increase the vibrations.

Overall, the present study shows that due to complex interaction of mechanical
and electromagnetic loads, the choice of the electromagnetic load, which will lead to

reduction in the composite plate’s deflection, and, therefore, stress mitigation in the plate,
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depends on the profile of both mechanical and electromagnetic loads and is limited by the
thermal considerations. As for the impact loads, the pulsed electric current combined with
high in-plane magnetic field applied transversely to the direction of the current seems to

be the best choice to mitigate the adverse effects of the impact load on the structure.
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CHAPTER 6
TWO-DIMENSIONAL FINITE LAMINATED PLATE

6.1 Introduction

Studying a coupling problem is much more difficult in the case of anisotropic
laminated plates since the mechanics of a multilayered composite is more complicated.
Most studies in this regard have been devoted to the simulation of the response of
piezoelectric and piezomagnetic laminates [140-144], while only few papers can be found

on the fully magneto-electro-thermo-mechanical coupling in laminated materials.

Hasanyan et al. [99] and Qin et al. [100] formulated the electro-magneto-thermo-
elastic coupling in a current-carrying symmetric orthotropic laminated composite plate
subjected to thermal and magnetic fields. They assumed no electro-magneto-mechanical
coupling in the formulation of the Lorentz force and only the geometrical nonlinearities
were retained. Extended Hamilton’s principle was employed to derive the governing
equations from Maxwell’s equations, equations of motion and Fourier’s law of heat
conduciton. For 2D approximation of the mechanical part, they adopted the first-order
transversely shearable plate theory together with von Karman’s geometrically nonlinear
strain. As for the 2D approximation of the Maxwell’s equations of electrodynamics,
Ambartsumyan’s hypothesis was used. This was followed by the small disturbance
concept to obtain a linear system of governing equations. Moreover, the electromagnetic
field inside the laminate was determined by integration of the Maxwell’s equations across
the thickness of each layer. Finally, a linear thermal field was assumed. After developing

the mathematical framework of the problem, Hasanyan et al. investigated the magneto-
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thermo-mechanical behavior of a laminated plate strip in transversal and axial magnetic
fields. They also studied the magneto-elastic wave propagation in an infinite plate.

In this section, the electro-magneto-mechanical coupling in a general laminated
composite plate is formulated based on the mechanical and electromagnetic governing
equations. The resulting system of equations together with the boundary conditions is

solved numerically and the results are discussed.

6.2 Governing Mechanical Equations for the Laminated

Plate

Consider an electrically conductive fiber reinforced laminated plate with the
thickness H that consists of N, number of unidirectional layers of thickness h. The
laminate coordinate system (x,y,z) (i.e. the global coordinate system) is chosen in such
a way that plane x—y coincides with the middle plane and axis z is perpendicular to the

middle plane (Figure 49). The orientation of the fibers may be different in each lamina

Tz

layer.

Figure 49. Laminated composite plate with the laminate coordinate axes.
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Assume that each lamina in the laminate is transversely isotropic. Therefore, the

stress-strain relations in the principal material directions (i.e. directions that are parallel to

the planes of the material symmetry) for i-th lamina are

mn Ci1 Cpr Gy 0 0 0

T2 Cp Cxup Cyly 0 0 0 €,
0
0

733 Cip C;3Cypr 00
Tys 0 0 0 C, 0 Vo3 (6-1)
T13 0 0 0 0 Ci O 713

712 |, 0 0 0 0 0 Cgl| n2]

where C;; are the components of the stiffness matrix C which are defined in terms of the

material properties as follows:

C. (L-v3)E C. = (V2 +Va3v12) By C.. = (Va3 +va1v12) By
11 — ’ 12 — ’ 23 — ’
1-v 1-v 1-v
@-vy,vy)E (6-2)
Cy = % Cys = Gya, Css =Gy,
-V
where
V = ViaVar +VasVap TVa1Viz +2VarVarVis- (6-3)

Here E, is Young’s modulus for the fiber direction, E, is Young’s modulus for the
isotropy plane, v,, is Poisson’s ratio characterizing the contraction within the plane of
isotropy for forces applied within the same plane, v;, is Poisson’s ratio characterizing
contraction in the plane of isotropy due to forces in the direction perpendicular to it, and
v,, 1S Poisson’s ratio characterizing contraction in the direction perpendicular to the
plane of isotropy due to forces within the plane of isotropy, G,, is the shear modulus for

the direction perpendicular to the plane of isotropy, G, is the shear modulus in the plane

of isotropy (2-3).
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In the laminate coordinate system (X, Y, z), the stress-strain relations for i-th

lamina can be written in the form:

z-XX

Tyy

TZZ

Ty,

z-XZ

T

L™XY

Cu Cp
Ci, Ca
Cis Co
0 0
0 0

_616 626

Cz 0 0 Cy
C,s 0 0 Cy
Cy3 0 0 Cy
0 Cy, CxO
0 C745 655 0
636 0 0 666 JL

(6-4)

Here (_Iij are the components of the transformed stiffness matrix C defined as:

C=

TiCcTT,

(6-5)

where T is transformation matrix, the superscript -1 denotes the matrix inverse and the

superscript T denotes the matrix transpose.

Figure 50. Laminate coordinate system (x,y, z) and in-plane principal material directions
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The transformation matrix T is defined as

cos? @ sin2¢ 0 0 0 2cos@dsing |
sin2 @ cos20 0 0 0 —-2c0s0sing
T 0 0 1 0 0 0
0 0 0 cos® -—sind 0 ’ (6-6)
0 0 0 sin@d cosé 0
| —cos@dsing cosfsingd 0 0O 0 cos?20-sin?4 |

where @ is the angle from the x-axis to the 1-axis as shown in Figure 50. Itis
also assumed that all laminae in the laminate are perfectly bonded, the laminate is thin
and a normal to the middle plane is assumed to remain straight and perpendicular to the
middle plane when the laminate is deformed. This allows us to employ the classic
Kirchhoff hypothesis of nondeformable normals to write laminate displacements in the

form (3-10) and laminate strains as:

ou _o%w o _0%w ow
& =——71—, y =l e, =—=0,
ox  Ox? oy  oy? 0z
_U N, 0w =) =0 ©-7)
T Ty T oy Ty =Va =5
or
eX e)? KX
e, |=|e) |+2Z|Ky |, (6-8)
Vxy 7>c<)y Kyy

where u(x,y,t), v(x,y,t), w(x,y,t) are the corresponding middle plane displacement

components, €y, e(y), 7)(()y are the middle plane strains:
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ou
o || ¥
y oy ' (6-9)
73y ou ov
Loy o]

and x,, xy, Ky, are middle plane curvatures:

_ aZ_w _
G
02w

K _— .

y oy2 (6-10)

Xy 02w

| OXoy |

The Kirchhoff hypothesis implies a linear variation of strain through the laminate
thickness, whereas the stress variation through the thickness of the laminate is piecewise
linear. In other words, the stress variation is linear through each lamina layer, but
discontinues at lamina boundaries. Note that although shear strains are assumed to be
zero, yet transverse shear stresses are not regarded as zeros but calculated from the
equations of motion or equilibrium.

The stress and moment resultants are obtained by integration of the stresses

through the thickness of the laminate:

NXX z-X)( TXX
Nyy Tyy N, 11 Tyy
N IH/Z dz LZ j o dz
= T = T ,
L hp e dz | (6-11)
NXZ TXZ TXZ
i ny | Ty | | Txy i
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XX H/2 Txx N, +1 - Txx
Myy | = [Lpo| T P02 Zlf Ty | 2 (6-12)
MXy Ty Ty |

where z;,,; is the distance to the top of the i-th layer in the laminate and z; is the distance

to the bottom of the i-th layer as shown in Figure 51.

{ Laver Nr L Iy, = THZ
. }7*3-'1
T Laveri { ’;iﬂ z
Middle Plane} : j
[ Layerl ! i

Figure 51. Coordinates of each layer in the laminate with N, layers

Using stress-strain relations (6-1) and strain middle plane displacement
relations(6-7), the stress and moment resultants can be rewritten with respect to the

derivatives of the middle plane displacements:
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H/2 — ou av

N,, Z'[_lefxx 1[C11] +M 1[012] +M 1[C16](ay X
_ aZW _ azw ~ 0w
-M,[Ci]——-M,[C,,]—— -2M ,[C,. ]——,
Al 11]82X | 12]82y 2l 16:laxé’y

H/2 ov
Ny = [ gz =M 1[G ]S+ M ltczzl—+ M 4 [Cool| 24 2

_ oy OX
52 82 o
— w — w oW
—M.IC __|\/| C 2M ,[C
2[ 12] aZX 2[ ZZ]azy 2[ 26] 6y
H/2 — _ou = ov
ny = J._H/ZTXde =M 1[C16]&+ M 1[C26]ay +M 1[066][ay axj
_ azw — 82W 62
~M.IC..1——-M,[C 2M ,[C
2[ 16] azx 2[ 26]82y 2[ 66] ay
H/2
Ny :.[ H/2 T2
Hi2 (6-13)
Ny :.[ 12

H/2 v
M :j—H/ZTXXZdZ_ 2[C11]—+M2[C12]_+M2[C16] _+_

oy OX
-M 3[611]%— M [Cy,] (;V; 2M [Cle]aza\,;
M,, = J-_HH/IZZerzdz =M 2[(712]2—§+ M 2[522]ay +M Z[CZG]{ay Zi]
—MS[Elg]ZZT\;V—Ms[C_:zz]ZZV; 2M 3[Cy] 2;Vy
M,y =J_HH/f27Xyzdz M 2[516]2—2+ M 2[526]ay +M z[Ces][Z; ZVJ
_ 2w — 0%w o*w
-M 3[C16]E_ M ;[Cos]—— 2y —2M 5[Cq] oxoy’
where the operator M is defined as
M [f]= I_HH//ZZ f 7Kgz = %% £ (Zik+1 _ Zik)’ (6-14)
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It should be noted that in Eq. (6-13), N,, and N, cannot be computed in the same

manner that the other resultants are found since they are neglected in the Kirchhoff

hypothesis. Therefore, other methods should be employed to calculate them in this case.
The in-plane stress and moment resultants can be also rewritten in terms of the

middle plane strains and curvatures as

Ny Ay Ap Agll e Bin B Big || K

Ny [=| Az Ap Ay || & [+|B, By By || &y |, (6-15)
Ny As Axp Ag Yy Bis By Bee__ Xy |
M Bii B, Big || & Dy Dy Dy || &y
My Bi, By By || € |+| Dz Dy Dy || &y | (6-16)
Xy Bis By Bgs _7)%, Dig D2 Dgg | Kyy |
where
N, +1 _
Z( ) Ziy —2) = M4[Qy1],
i=1
1 L+l _
=3 Z (Qy); (221 =27) = M ,[Qy], (6-17)
i=
lNL 1 _
DI] g (Q ) ( i1~ 4 ):MB[Qij]'

Here A;; are the components of the so-called extensional stiffnesses, B;; are bending-
extension coupling stiffnesses, and the Dj; are bending stiffnesses [145] and Qij are the

components of the reduced stiffness matrix Q:

Qll 612 Q16 Cll 612 (_:16

Q=|Qyu Qp Qux|=[Cp Cy Cas | (6-18)

Qi Qu Qs Cis Cux Ces

in which
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Qu =Cyy =Cyyc08* 0 +2(Cyy + 2Cg4 )sin? Gcos? @+ Cy, sin 6,

Qo =Cy, =(Cyy +Cypy —4C44 )sin? Ocos? O + Cy, (cos* 6 +sin* 6),

Q,, =C,, =Cyy8in* 0+ 2(Cy, +2Cg4 )sin? cos? 6 + C,, cos* 6,

Qus = Cis = (Cyy — Cpp — 2Cgq )sin@cos® @ +(Cy, —Cyy +2C44 )sin3 Ocosg,  (6-19)
Q6 =Cpg =(Cyy —Cyp —2Cg4)sin® 0c0s @ +(Cy, — Cyp + 2Cgq )sin .cos® 6,

Qgs =Ces =(C1y +Cpp —2C;, — 2C44)sin? @cos? @ + Ceg (cos* 6 +sin* 6),

where @ is the angle between the x-axis and the 1-axis.
Therefore, the stress and moment resultants can be written in terms of extensional,

bending-extension coupling, and bending stiffnesses as

2 2 2
Ny —A116_U+A12@+A16 6_u+8V BllaTW—BlzﬁTW—z 16 o W’
OX oy oy oOXx 0°x oy OXoy
au v ou v o*w o°w o*w
Ny =Ap—+Ap—+A%| — —Bi, 5By —5——2By—
Ox oy oy T d°x oy OXoy
au v u ov o’w o*w o°w
Ny —Alsa_"‘Aze_"‘Aze [_*'_j— 16— B 2B ——
X oy oy OXx 0°X 0%y OXoy
H/2
= T
XZ H/2 XZ 1
H/2 (6-20)
2 2 2
My Blla_u+812@+816(8_u+@]_D1162W_D1262W_2D168_W’
OX oy oy OX 0°X oy OXoy
au ov u ov o°w o°w o°w
M,y —Blza—JrBzz—JrBzes(—ﬁL j 12— D2 —5——2Dy ;
X oy oy OX 0°X o7y oxoy
2 2 2
MxyzBlﬁa_u+BZGav +Begs| — u av 1eaTW—DzeﬁTW— eea—w’
OX oy oy Tx d°X 0%y )

Two-dimensional equations of motion for laminated plates are obtained by
integration of equations of motion across the thickness of the plate (—H/2, H/2). In the

presence of the electromagnetic loads and surface mechanical loads this procedure yields
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H
oN 2 2
My Xy+X2+pJ FX"dz=pHa—g,
OX oy H ot
2
H
ON oN 2 2
— XY, +p I Frdz=pH 6_;/
oy OX H ot
2
H
8Nxz aNyZ ? L aZW
—X 47,4+ F,dz = pH —-,
ox oy p_L Y (6-21)
2
i
M, M, H® &°
XXy X HX, + Flrzdz=N
aX 1 pI xz ,012 8t26x
2
H
oM M 2 3 A3
W, +HY1+pI pH— 82W
oy o 12 otéoy
2

Here p is the material density of the laminate, t is time, F" = (FX FoF) ) is the Lorentz
ponderomotive force per unit mass vector, and X, , Y, , and Z, are combinations of

tractions at the external surfaces of the laminate

1
Xy E Txz z—E+TXZ L H Xy =17y H 70| H
2 2 2 2
Y, L + Y.
= — T ' =T -7 ’
P Y L PR () PRLL 27y, H Sy, H (6-22)
2 2 2 2
7= 7=——
2 2

Thus, the equations of motion are solved with respect to the middle plane
displacements u(x,y,t), v(X,y,t), w(x,y,t). After that the in-plane stresses

T 7,y are found using stress-strain relations (6-4), and transverse shear stresses

XX Tyy’
, and z,, and normal stress z,, are found by integrating equations of motion

www.manaraa.com



116

H
or 2 2
Oty , OTy Ot +p J Frdz =,o—a uzx’
OX oy oz ’ ot
2
H
oty 01, OT 2 du
VoW ey Fldz = L
x oy a ” L y =P (6-23)
2
H
or,, Ot 2 2
AR L aTzz+p_[ FZ'-dzzpaL;Z.
ox oy oz H ot
2

Furthermore, in the classical theory the effect of transverse normal stress z,, on
the stresses and deformed state of the laminate is disregarded because this stress is

considered to be small in comparison to in-plane stresses.

6.3 Governing Electromagnetic Equations for the

Laminated Plate

Since generally the fibers in a lamina may not be in the direction of the global

axes, the conductivity of layer i of a laminate in the laminate coordinate system (x,y, z)

is defined as:
of of 0
=) of) 0 |, (6-24)
0 0 ofY
where
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ol = oV cos? 0 + o sin? 4,
a§'2) —aé') cos? 0+ sin? 6,
o) = (6" —o{)sinGcos 6, (6-25)

o

Here al(i), ag) and aéi) are the conductivities along the principal material directions of
the lamina i (see Figure 50).

To obtain electromagnetic equations for the laminated plates, the electromagnetic
hypotheses (3-20), which imply no variation in tangential components of the electric field
vector and the normal component of the magnetic field across the thickness of the plate,

are applied first. This transforms Maxwells’ equations (3-1) to the form

0B, oE, OE, OBy OE, OF, B, &, oE

oy o oz ox o ox oy (6-26)
g o, oMy o oM, My dH,
oy a Yooer ax ox oy (6-27)

where the components of the induced current density in the layer i are determined as

ou ou ou

ou
wthE%ﬁB 59%+m@+a%m — B

ou AU, i ou ou
i) _ &0 yg Mz giy, 50 4 Mg N
Jy =07, (Ex + p B, - p By')+oy (Ey +—= p By p B,), (6-29)

6 X B(I) 6 y B)((I))

IO =W (E, + =X
aa ( ot ot

Relationships (6-25) are obtained by substitution equations (6-23) into the third equation

of (3-3).
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Linear approximation for tangential components of the magnetic field (3-32) is
hold for each layer of the laminated plate and, therefore, in-plane components of

magnetic induction can be written in each layer as:

B® :1(B(i)+ T B(i)—)+_(B(l)+ B(l) ) 1 B(l) z il =10
X 2 X X h 2 h x2 !
oz 1 g (6-29)
i _ i)+ (i) i)+ -3 _ (') (1)

B! —E(By + B! )+F(By ~ B! )—EByl B3,

Moreover, we assume that the distribution of the in-plane components of
magnetic induction along the thickness of the laminate is linear and continuous so that the
result of the integration of Eqs. (6-27) across the thickness of the plate depends only on
the surface values of the induction on the top and bottom surfaces of the laminated plate.

By substituting Eq. (6-29) into (6-26), we have:
ou

a Z B(I) X B )
ot ot

. ou
al('l)(EX+#B aﬁtz B)+0l) (E, +—-

_0H, _E(H)(Ii)Jr ~HO),
&y h
éu . (6-30)
o) (E, +#BZ —%By))m(')(lz +aaz B — a;tx B,)
oH, 1, . i
== B (R - HO),

Application of the Kirchhoff hypothesis (3-10) to the equations (6-30) and
integration of the resulting equations across the thickness of the laminate, leads to the

following electromagnetic governing equations in a laminate:

v o*w 1 ow
M [on,]E, + M 1[011]5 B, -M Z[Gll]ay_at 275 1[011]5 By
1 ow 1 ow 1 ow
_EM 2[011]5 By, +M 1[012]Ey +EM 1[0-12]EBX1 +EM Z[Glz]EBXZ (6-31)
ou 0w oH _
M 1[01215 B, + [6712]a e H—* Hy),
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v o°w 1
M [0, ]E, + M 1[0'12]EBZ 2[012]—&5 _EM 1[0'12]—B
1 oW 1 1 oW
—WM 2[012]—By2 +M [0 ]E, +EM 1[022]59&1 "‘EM 2[022]58&2
2
W oH _
-M 1[022] B +M 2[022] t == aXZ +(Hy = H)).

It should be noted that the normal component of the magnetic induction vector
(i.e. H,) and tangential components of the electric field vector are continuous across the
thickness of the laminate. This can be concluded from the electromagnetic boundary
conditions (3-38) and (3-39).

From the second equation of (6-31), an expression for E, can be derived:

_ H 0B, N 1 ] M [o7,] E _ M [o3,] ov
YU uMyfop] X M o] Y M 1[022] © Myfoplat
M ;[o1,] oW 1 Myfo,] ow M [o3,] ow
+——B, By1+ S y2
Mlop] ot 2 M q[op] ot H M y[o5,] ot
1 M 1[0'22]@ 1 M [o5,] ow 1[0'22]8_118 (6-32)
2M o]t HM o] dt % Moyl *
M ;[o2] 6 w
M [o] oxet

Furthermore, after applying the Kirchhoff hypothesis (3-10) and the
electromagnetic hypotheses (3-20) and (6-29), the components of the Lorentz force for

the lamina i read as:

i i i ov o°w i oW
2
pFXL(') = 0'1('2) E,B, + 01('2) B, [— A —J - 0'1('2) B, B( A 0'5'2) Ey B,

"B, B¢ i 2 (6-33)
08,80 (587 +of) Byw)[gl; T ;] 0050 (3 %J
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o’u  dw v 3w
(e, —20) BBy | o m 2 | (4, -2 BB, | 22— 2
(2 =0 )€, Z[axat axzat] S Z(axé’t oxoyat

2 2
+(8X_80)EXByI %_(gy_go)EyBxl M—}_JYIBZ’
' i bV ali) W . _(p2(0U W)
pFy 0 =o€, ~0})8,B)) —+ 0B} {E_ ’ atj_o{'l’ E,B;
2 2
(g [ 1 z u 0w (i) p2 @2\ v _dw
+043By' | =By +—=By, || = 72——|—-|0y/B; +07,B — 77—
g B ’ ; P (6-34)
+0]F;-)BZB)(’I)@+(6‘Y_€O)EYBZ a_u_z ow +(8x_gO)ExB)(/I)aW
ot oyot  oxoyet dyét
2 3 2 y
_(gX_gO)EXBZ ﬂ—za_w _(gy_EO)EyB)((I)aW—\]X(I)BZ,
oyot oyt dyét

2
Li) _ e r® , ~OpOpOMN () g@| U O0°W

] ] . ] 2
o8 - oflB,B0 [@- , Cw

A —ayat]—afmsw—os';Ewa

2 2
g pM)| OV 0w g pi)| U 0w Hp®2 , ()p[H2)oW (6-35)
+011 BZByI [E—ZM)-FO'ZZBZBXI (E—ZM _<Gll ByI +O'22 BXI )E

82W 82W * (i i *(i i
~(&y - &)E,B, ngx ~ &) E4B, o' 3,080 —370BY.

where J,© and 37 are components of the external electric current, which depend on

the fiber orientation in the lamina.

6.4 Solution Procedure for the Laminated Plate

The 2D system of equations of motion (6-21) and Maxwell’s equations (6-30)

constitutes a mathematical framework within which coupled mechanical and
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electromagnetic response of electrically conductive laminated plates is studied. From the
mathematical standpoint, the system of equations (6-21) and (6-30) is a nonlinear mixed
system of parabolic and hyperbolic partial differential equations. This system is solved
using the numerical solution procedure described in Chapter 4 of this thesis. In this
section the system (6-21) and (6-30) is brought to the form suitable for implementation of
the numerical solution procedure described in Chapter 4.

From Eqg. (6-13), the derivatives of the middle-plane displacements with respect
to the y-direction can be found in terms of the derivative of field variables with respect to

the x-direction as

Zow,
oy
ou ou ov o°w oW
a_y = Q11 Chz + GhzNyy +0aNyy + s — o 06— X +0,7;M
ov ou ov o°w oW (6-36)
5 = Q21 C122 + O23Nyy +0paNyy + 05 —5- o’ + 06— o +0y7Myy,
oW au v o°w oW
Py —%18 %26 +0gaNyy +dsaNyy + o5 —- ) > T 066 = o +0e7Myy,

Here, the coefficients gy, 0,;, and gg; are defined as below:

2
AgsB12Boy — Ay Avg Dy — AgBoy — ApaBroBog + A By Bog + Ay Ag Dy

Gy =

Q
O = —Dyy Ags +2A%6B52Bs — AssB% — ApaBl + Ap Ass Do
Q H
_ BS, — AuDy _ AsD2 —ByyByg
Ghs = , Gy = ;
Q Q

Ohs = —AyBgy Dy + AygBiy Dy + Big B222 — BgBi3Bog + ABys Dip — Ay Big Dy (6-37)

Q 1
2 2

O = 2(—AgsBsy Dag + ApgBog Dag + ApaBog Dog — Byy Bg + BBy — AppBeg Do)

Q H
A2 Bas — AxByy
Gh7 = ;

Q
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2
—A1»B2% + AgsB12Bos + AigBraBos — AssBaoBro — AigAvs Doy + Ap Ags Dy

U1 = 0
—B,,Byg + Ay D B, — AggD
Upp =0, Qg = 22 26Q Pos D2y B 366 2
B, Bze By2Bi6B2s — Aos BiaBos + Ass BooDip — AssBia Doy + Ay Big Doy
O2s = Q © (6-38)
Uos = 2(B35 — AssBas D26 — B22BosBas — AssBas Dz + AssBa2 Dag + Aps B Dzz)
Q
—PosBos + AssBao
Uo7 = :
Q
OeL = B Aze Ais AosBis — Aa ApsBos = Aoo AesBra + Ay AssBag + Ana AigBog
Q
B -A,B B,s — A:B
U =0, g = 22A26QA22 % g, = Aos 26QA66 2
Oee = —Dip A% + AosB22Bis + AosB1aBas — AssBraBia — ApaBi6Bas + Arp Ass Dz
65 Q ' (6-39)
Ues = 2(~Dys A% + AosBls + AosBaBrs — AssB22Bas — A22B26Bss + Az s Dzc)
Q
AoaPss — A Azs
Qo7 =
Q
where
Q = AjsDyy — 2By, By + B3 Byy + Ags (B3, — Ay Dyy). (6-40)

Moreover, from Eq. (6-13) the following resultants can be rewritten as:

ov ou o’w oW
Ny =S M, +5,Ny, +S3—+5, +sN +S +S
XX 1V yy 2 Y xy 3(9X G‘X 5 66X 7T Ay GX
ov ou o*w oW
fM + f,N, +f— f,—+ fcN, +f.—+f, —,
Sox Ytox W b2 T ax (6-41)
o, au o’w . oW
M, =M, +I,N, +l,—+1,—+I:N,, +l. —+1, —,
Xy 1™V yy 2" xy 35X 45X 5" yy 65X2 7 ox
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where
S = Asthy + Aaly7 — Biolers S, = Agliz + Aoz — Biolgss
S3= Aty +1) + ApUy — Bialsrs  S4 = Aty + Al — Bialsy + A
S5 = Aigthg + A0z — Biolgys S6 = Alstis + Aalos — Bolgs — By, (6-42)

S7 = Aglis + ApUos — BioUss —2Bys,

f; = Bigti7 + B12Uy7 — Dip0e7, fy = Bigys + BpUps — Dyp0gs,
f3 = Byg (0yp +1) + B, 055 — D50, f4 =BGy + BipUy — DipQgr + Byy,
fs = Biglig + B2Ups — D10y, fe = BigOis + B120o5 — Dyo0gs — Dy, (6-43)

f; = BigUie + B2l — D1p0gs — 2015,

L = BggOy7 + BogUaz — Daglgr |, = Bggly3 + BogUaz — Doglsss
I3 = Bgg (G2 +1) + Byglpp — Dpglsns 14 = Bgglyy + BogUps — Daglgr — Bygs
ls = BggOys + BogUag — Daglgys ls = Bgglis + BogUos — Daglss — Dig (6-44)

l; = Bgglis + Bagas — Dogles — 2Dge-

Using Egs. (6-13), (6-32) and (6-41) together with the Lorentz force (6-33), (6-
34), and (6-35), the following first derivatives of resultants with respect to the y-direction

can be derived from the equations of motion (6-21):

ON o%u oM ON o%v o%u ON o*w
oy ot OX OX ox Ox OX ox
oW H_ B, 1 ,ou 1 » O°W
-5 +—B L4+ M,[02:]B5 ——=M ,[04:]B5 ——
7 8X2 L z ox 4 1[ 33] yl ot 4 2[ 33] yl ox ot
o>v  H o*w .
+(‘9x _EO)HEXBZ %_7(6& _SO)BylEx %_ M 1[Jy(t)]Bz
(6-45)
oN o%w oN v oW
vz _
2y = pH 8t_2+ p(y.t) _sz_'_ Os2By1Ex + 05281 B, E“L Ogs By1B, ot
ow oB, o*w oW
+qSSB)%lE"'qSOByla_XZ"'qSSBlez ﬂ_(‘gx —go)HEsz t

1 *
5 ByuMi L (0],
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oN 0%y ON 8W
yy Xy 2 2
— W pH Y B B, + B2 S+ B
oy P e, o Q42ExB; +Ua2 ot Us6 ot
oW oW oB
+ 0,58, B, E+q4582 ™ +040B, a_xz
ou ov
+(5x —go)HEsz(%l&"‘Q22&+Q23ny +Gpg N
o*w oW H oW .
+ 0 — o’ + 06— X +0;;M yy)_?(gx —go)By1Ex E*‘ M, [3, (1)IB,,
oM 3 52 oM ON 2 2 ON
oy 12 ot? oX OX ox? ox 2 oX
o*w . 8°W » OV , OW ow
+|6a?+|787 +07,E4B; +07,B; 6_+ 076 B; ot ——+0s;B lBZE
o*w oB, H?3 ov
+(17552 xot +070B, 8)(2 E(gx - ) (%1 o +(162 o + Qg3 Ny
o°w oW .
+0gaNyy +0gs —5 2 >+ 0ss — W +0g7Myy ) + M, [J, (1)]B,.

in which By, and B, are considered to be zero (B,, = B,; = B,, =0). The coefficients

g are:
3 M oy, ] ~ Mylo3,IM 507, ]
g, =M [oy4] M.lo1 [02] v Uae = M [0 ] 2lonl,
_l M_ . _M1[0'12]M 2[02,]
Ugs = 2( 0] M 1[011]} s =M ;[o9,] M ,[0] )
U = _H M [0y, ]
0 u M 1[022]1
M 103, 1M [0, ] 2 ¢4
B ~ Mylogp 1M 5l _Mjlop,]
U7, =M ,[o14] M [0] 6 =y 03] M ;[0 ],
1 M[01,1M ,[09,] _ _Mz[Ulz]M 2[02]
s —E[ M [o] - M 2[0'11]], U7s =M 3[oy,] M (o] ,
Oy = H M ,[o9,]
0 uM 1[0'22],
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M M
CI82_1[ 1[0'12] 1[0'11]} qgez_l[ 1loys] 2[012]_ MZ[Gll]]’

M [o5] 2 M [o3,]
_Mlz[alz] , 1 M [o7,IM 2[022]_
Ogs = ( 1ol —1[0_22]} Qgs = 2( M 1 [o] MZ[O-lz]]’
q _1H Mylop,]
02 H M1[O'22],

The stress resultant N,, in the equation of N, in Eq. (6-45) can be found from

the equations of motion in the form:

3 A3 3 A2 2 2
g =am oW PR OW o, T o YN,
12 oxot 12 ot ot? 8'[
g 62u+q 62v+q 8ny+q oN ‘g a?’_w+q 62W+q oM,
iz T e T 34 o SIS N 7 o
. ou v, ON,,
+03.E4 B, ﬁ*‘%zEsz ﬁ"‘%sEx ot +Q34E B, — 8’[
. o*w oW oM
+q35Ex Bz %“'q% Ex Bz M"’qﬂ Ex BZTW (6-47)
ov oW ow o*w oB
+0s1 (BB, +|32 P )+Q52|32 ot ——+0s53B,B 2 5 +QS4Bzzﬁ+qSOBza_XZ
, ’w o’w oW
+Q51|3§1 o + Qg 318 ot q53By1ExM+q54Byl XE_'_
+ M [J, (01158, =M {[I; (0)]1,B, + M ,[J; (1)]IB,.
where
Oa1 = T4 —hly —s4ly +0pgl3 + Gyyly + gyl
Usp = f3 —llz =S5l +0pols + 0poly + gyl
Uz = fy =il —S,05 + Apgls + sl + g3l
= fo —Ll: —scl, + 0oyl + 041, + Qgul-,
O34 5 —hls —Sgly +Qoyls + Qyuls + Qesly (6-48)

Uss = fg —hilg —Sgly + Qpsls + Oysly + g5,
Ose = 7 —hl; —S715 +Qpgls + Qyely +Qggly + 1,

_ 2
Os7 = fi =1 —sil, +0p703 + Q714 + g7l
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2

, H , H?
q31 :(5x _gO)H q21|4 _Eqml J, q32 :(5x _3O)H (q22|5 _EqGZII + |2J,

H 2
33 = (5x _50)H U2sls _§q63ll

2
O34 = (&, — &) H (%4'5 —E%ﬂ J

2
Ogs = (&x — &0 ) H | Usls _Eq%ll

’ H2
O35 = (gx _50)H [%6'5 _E(q%ll _1)J

H2
d37 =(5x _50)H Uo7ls =07k |,
12
Us1 = 72l +Qgols + Aysys OUs2 = U7y + Usels — A7s1
M 3lop,]
Us3 = Ozsh + Qgsls + Ogs1» Usq = G751l + Uysels + M 5[0, ] -2
M[o]
H M ,[o,,1H
Uso = d7oh + 1 — + 20gl5 "‘M_
H Moyl 1
, 1 , 1
Os1 =z(M 1ozl —M 2[033])1 Os2 =2(M 3[o33]-M 2[033]|2)'

, H , H
Os3 :—?(5x _So)lzv Os4 :_?(5x —80)|5,

For the electromagnetic governing equations, considering B, = B, =0, from (6-

31) we can write:

B, ov W ow *w oB

—2 =QgE, +0gp —B, + 0o — B, + JpsBy; — + Ups —— B, + Jgy —,
oy Qo2Ex + Go2 o Gos P Cos By1 at Oos axt 2 Goo o (6-49)

where

2 M M
Qo2 Zﬁ(l\ﬂ 1lon]- M 1[0-12]} 06 :ﬁ( 1l M 5[,

" -S&- - M ,
M 1[o3] M 1[o3,] Z[O-ll]J

__H M12[012] , M M 1[01,]M ;[0 ]
s =54 (M 0] - M 1[(711]]' Gos —E(M 2lo121- M 1[o0g] " (6-50)
oo = — M [0, ]
» M 1[022]-
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The last governing equation can be obtained from the third equations of (3.37) and (6-32)

as:

OE, _ 0B, H 0°B, MiloploE, Mlop,] o*w
+

oy X uMylop] 0C  Mylop] o 2M 4[op,] **otox
M z[alzl(azw 5 W B, ]_ M 1[012][ A @aszj

+ +
M, [on]l dtox “ ot ox ) Myfon]l dtox © ot ox

(6-51)
M 1[022]( d’u o, du 3B, )_ M 2[022]( w o, Ow asz

+— +
M [onlldtox * ot ox | M [on]latox? © oxdt ox

Finally, the tenth-order system of governing equations for a laminated plate
includes the four equations of (6-36), the four equations of (6-45) and two

electromagnetic equations of (6-49) and (6-51).

6.5 Numerical Results for the Laminated Plate

To investigate the response of a laminated plate subjected to mechanical (5-3) and
electromagnetic (5-1) and (5-2) loads, the system of governing equations developed in
the previous section is solved by the numerical solution procedure introduced in Chapter
4. For the sake of simplicity, only symmetric cross-ply laminates with layers of equal
thickness are considered in this study. In a symmetric cross-ply laminate, the geometry
and material properties of the layers are symmetric with respect to the middle plane of the
laminate and the fiber orientations of the layers are either & =0° or & =90°. In such
laminates, there is no bending-extension coupling (Bjy; are zero in Egs. (6-15) and (6-
16)). Moreover, we have Az = A, =0. Thus, the equations of the resultants (Eq. (6-20))

are significantly simplified for the case of symmetric cross-ply laminates. Due to the ease
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of manufacturing and analysis, these types of laminates are widely used in civil and
aerospace industries.

In this study, laminates of four, eight and sixteen layers are considered and the
material properties of each unidirectional fiber reinforced composite layer are those used
for the finite plate in Section 5.2. Laminates are assumed to be made of the AS4/3501-6
unidirectional carbon fiber reinforced polymer matrix composite with 60% fiber volume
fraction. The material properties of the composite are as follows: density
p =1594 kg/m®, Young’s moduli in fiber direction, E, =102.97 GPa and in transverse
direction, E, =7.55 GPa; Poisson’s ratios, v,, =v,, =0.3; electric conductivity in fiber
direction, o, =39000 S/m. The electric conductivities of the composite perpendicular to
the fiber direction are considered to be o, = o, =100, . The width of the laminated plate
IS a=0.1524m , the length is I, and the thickness is H = 0.0021m.

Four different types of laminates are analyzed and compared. All laminates have
the same thickness H =0.0021m, but are different in the number of layers and ply
sequences. The so-called single-layer plate consists of one transversely isotropic layer
with principal material directions coinciding with the laminate coordinate axes. The 4-
layer laminate is laid up in the form [0/90/90/0] or [0/90], where subscript s stands
for “symmetric”. Similarly, the 8-layer and 16-layer laminates are defined as
[0/90/0/90], and [0/90/0/90/0/90/0/90];, respectively.

Simply-supported boundary conditions are assumed as in Egs. (5-28) — (5-32),
and a laminated plate is assumed to be subjected to a transient mechanical load Eq. (5-3)
with the characteristic time z, =10ms and maximum pressure p, =1 MPa, constant in-
plane magnetic field (5-10) and pulsed electric current (5-3), where 7, =7, =10 ms.
Moreover, in all numerical studies the time step was dt =10"*s,and n, =5,
whilen, =10000. The half-size of the contact zone is b =h/10.

First, the effect of the aspect ratio on the response of the laminated plates

subjected to the mechanical load with no electromagnetic load is discussed. Figs. 52 and
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53 show middle plane transverse deflection, w, in the center of the plate (x=0, y=0)
for along (1 =10a) and square (a = 0.1524 m) plates, respectively. As it can be seen,
adding layers with fiber orientations of & =90° to those of 8 =0 significantly reduces
deflection of the laminate. Moreover, the frequent use of the layers of 8 =90° in between
the plies of & =0° will result in the further increase in the impact resistance of the
laminated plate. Furthermore, as it was expected, the magnitude of the vibrations in the
long plate is larger than in the short plate.

A similar trend can be observed when, in addition to the mechanical load, an
electromagnetic load is applied to the laminated plate. In Figure 54, a pulsed electric
current and an external magnetic induction (B; =1.0 T) are applied together with the

mechanical load. The results are shown for the square laminated plate.

0.013 - —Single-Layer Laminated Plate
[ ——Four-Layer Laminated Plate
s Eight-LayerLaminated Plate
0.008 | n ” n
£ o003 -
C F
2
B I A +'\»’Wf\'n L
= -0002 |
D L
(@)
-0.007 | U U U U
0012 + =

0 0.02 0.04 0.06 0.08 0.1
Time[s]

Figure 52. Deflection of the long laminated plate: effect of the ply sequence with no
electromagnetic load applied.
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Figure 53. Deflection of the square laminated plate: effect of the ply sequence with no
electromagnetic load applied.
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Figure 54. Deflection of the square laminated plate: effect of the ply sequence in the
presence of an electromagnetic field
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Note that the amount of the electric current that the laminated plates conduct is
the same, but since only half of the layers of the laminates which possess plies with fiber
orientations of & =90° in their stack, are conductive, the current density in the cross-ply
laminates was taken twice (J, = 2.10° A/m?) of that applied to a single-layer composite,
in which all fiber are oriented in the same direction. It can be seen, that addition of the
magnetic induction leads to the decay in the plate vibrations.

Next, the response of the laminated plates under various electromagnetic loads is
discussed. Figure 55 to Figure 60 show the effect of the magnitude of the external
magnetic induction, B; . Each figure shows the results for single-layer, 4-layer, 8-layer,
and 16-layer plates subjected to the same mechanical and electromagnetic loads. Thus,
emphasizing the difference in the number of layers on the response of the plate. Figure 55
shows deflection of the different laminated plates subjected to the pulsed electric
current, J, =10° A/m® 7, =7, =10 ms, and low magnetic induction B; =0.1T. As it
was noted earlier, the thickness of the laminated plates is the same, while the ply
sequence is different in 4-layer, 8-layer, and 16-layer symmetric cross-ply laminates.

Figures 56 and 57 show deflections for the laminated plates with large magnetic
induction B; =1.0T and B; =2.0 T, correspondingly. The pulsed electric current is
characterized by J, =10° A/m® and 7, =7, =10 ms.

Figure 58 to Figure 60 show the effect of increasing of magnetic induction on the
deflection of the 4-layer, 8-layer, and 16-layer laminated plates, correspondingly. The
pulsed electric current is characterized by J, =10° A/m® and 7, = 7, =10 ms and is the
same for all cases, while magnetic induction is differentand B, =0.1T, B, =1.0 T and
B; =2.0 T, respectively. The results for the laminates subjected to mechanical load with

no electromagnetic load are also presented.
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Figure 55. Deflection of the square laminated plate: effect of the number of layers and
low magnetic induction, B, =0.1T.
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Figure 56. Deflection of the square laminated plate: effect of the number of layers and
magnetic induction, B, =1.0T .
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Figure 57. Deflection of the square laminated plate: effect of the number of layers and
magnetic induction, B, =2.0T .
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Figure 58. Deflection of the 4-layer square laminated plate: effect of increasing magnetic
induction.
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Figure 59. Deflection of the 8-layer square laminated plate: effect of increasing magnetic

induction.
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Figure 60. Deflection of the 16-layer square laminated plate: effect of increasing
magnetic induction.
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Several conclusions can be drawn based on the results presented in Figs. 54-60. It
can be seen that there is a small reduction in the maximum deflection and stress as the
number of 90° layers increases. This stays true even in the presence of a high strength
magnetic field. It can also be seen that vibration magnitude decays faster as the number
of 90° layers decreases. Overall, the influence of an electromagnetic field on the dynamic
mechanical response of the laminated composites is most apparent in the unidirectional
composites.

The effect of the magnitude of the electric current density on the deflection of the
4-layer, 8-layer, and 16-layer laminates is presented in Figure 61 to Figure 63. Here, the
magnetic induction is B; =0.1T for all the cases, while the current density differs. As it
can be seen, there is some reduction in the deflection at larger current densities, but the
noticeable reduction occurs only during the application of the impact load. The reduction
in the vibration amplitudes after the impact load has diminished is small. Moreover, it
practically disappears as the number of layers in the laminate increases. Furthermore, the
damping effect is also ignorable when the magnetic field is small.

The mechanical response of the 4-layer, 8-layer, and 16-layer laminates in the
presence of the large magnetic field, B; =1.0T, is shown in Figure 64 to Figure 66. Now
that the magnetic field is relatively large, the deflection of the plate is further reduced at
least during the application of the impact load. Moreover, the damping effect is also more
noticeable.

As for the electrical conductivity, an increase in the conductivity tends to decrease
the amplitude of the plate vibrations, but the effect is small even for strong magnetic field
and high electric current. Moreover, this effect diminishes as the number of layers in the
laminate increases. Figure 67 to Figure 69 illustrate the results. The characteristics of the
pulsed electric current are J, =10° A/m® and 7, =7, =10 ms. The magnetic induction is

B, =1.0T.

www.manaraa.com



136

- ——— Mechanical I.oad Only
0.0015 1 —— Jp =105 Alm?
R Jp =108 A/m?2
0.001  Jy =107 Alm?
0.0005
E oy
= |
-0.0005
S 0001 |
A E
-0.0015 |
0.002 |
0005 o
0 002 004 006 008 01
Time[s]

Figure 61. Deflection of the 4-layer square laminated plate: effect of increasing electric
currentat By =0.1T.
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Figure 62. Deflection of the 8-layer square laminated plate: effect of increasing electric

current at B; =01T.
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Figure 63. Deflection of the 16-layer square laminated plate: effect of increasing

electric current at B; =01T.
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Figure 64. Deflection of the 4-layer square laminated plate: effect of increasing

electric current at B; =10T.

www.manharaa.com




138

0.001 | —— Mechanical Load Only
—J0:105A/m2
----- Jo =108 A/m?
i e 1y =2.10° A/M2
0.0005 +
E
= 0
o
B
€L
% 0.0005 |
A
0001
00015
0 002 004 006 008 01
Time[s]

Figure 65. Deflection of the 8-layer square laminated plate: effect of increasing

electric current at B; =10T.
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Figure 66. Deflection of the 16-layer square laminated plate: effect of increasing

electric current at B; =10T.

www.manharaa.com




139
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Figure 67. Deflection of the 4-layer square laminated plate: effect of increasing electrical
conductivity
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Figure 68. Deflection of the 8-layer square laminated plate: effect of increasing electrical
conductivity
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Figure 69. Deflection of the 16-layer square laminated plate: effect of increasing
electrical conductivity

The distribution of the stress z / p, over the cross-section of the 8-layer
laminated plate at the moment of time when the stress is maximum for the case when
both mechanical (p, =1.0 MPa, 7 =10 ms) and pulsed electromagnetic
(J, =10° AIm?, 7, = 7, =10 ms, B; =1.0 T) loads are applied, is shown in Figure 70.
The mechanical load is in the form of a strip of impact-like pressure and the half-size of
the contact zone is b = h/10.

As it can be seen, the four layers with the fiber orientations of & =90° bear the
most portion of the induced stress 7, in a 8-layer cross-ply laminate. This is especially
true for the layers farther from the middle plane of the plate. The magnitude of the stress
caused in the laminated plate can be compared to the case when the plate is subjected to
the mechanical load only, shown in the Fig. 71. Although the patterns of the stress
distribution are similar, the magnitude of the stress 7 is reduced by about 20 percent

when an effective electromagnetic load is concurrently applied with the mechanical load.
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Figure 70. Contours of the stress z'yy/ p, at t =3.8ms in a 8-layer laminated plate
subjected to both mechanical and electromagnetic loads ( p, =1.0 MPa,

04

02

z'h
o

-0.2

-0.4

J, =10° A/m?, 7, =7, =10 ms, B =1.0 T).

P

‘e gAY
5

0
“ L ——T s

N 35
_Tff {'-\,c/ 4G
B | 45

_ N\

R T B e M-S RN B

-04 02 0 02 04
vla

Figure 71. Contours of the stress 7 /p, at t =3.6ms in a 8-layer laminated plate

subjected to the mechanical load only (p, =1.0 MPa, 7, =10 ms).
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CHAPTER 7
CONCLUSIONS AND RECOMMENDATIONS

In this thesis, the effects of various electromagnetic loads on the dynamic
mechanical response of electrically conductive anisotropic composite plates are studied.
Both transversely isotropic single layer composite plates and laminated composite plates
have been considered. The analysis is based on simultaneous solving of the system of
nonlinear partial differential equations, including equations of motion and Maxwell’s
equations. Physics-based hypotheses for electro-magneto-mechanical coupling in
transversely isotropic composite plates and dimension reduction solution procedures for
the nonlinear system of the governing equations have been used to reduce the three-
dimensional system to a two-dimensional (2D) form. A numerical solution procedure for
the resulting 2D nonlinear mixed system of hyperbolic and parabolic partial differential
equations has been developed, which consists of a sequential application of time and
spatial integrations and quasilinearization. A new 2D model for the electrically
conductive laminated composite with electromagnetic effects has been obtained. The
model is based on the extension of the 2D model for transversely isotropic electrically
conductive plates subjected to electromagnetic and mechanical loads.

The developed models and solution methodology are applied to the problem of
the dynamic response of carbon fiber polymer matrix composite plates subjected to
transverse impact load and in-plane electromagnetic load. The interacting effects of the
electric current (DC, AC, and pulse), external magnetic field, and mechanical load are
studied. The results show that current-induced heating can be significant with the highest
temperature produced by the DC current. As it was expected, a pulsed electric current
produced the lowest heating, which was also strictly limited to the regions immediately

adjacent to the electric contact. The results also show that the dynamic mechanical
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response of the composite to the combined impact and electromagnetic loads is highly
dependent on the characteristics of the electromagnetic field (waveform, duration of
application, intensity) with the pulsed electromagnetic fields being the most effective in
reducing of vibrations caused by the application of the impact load. In particular, to
achieve the maximum reduction in the plate deflection and stress, application of the
mechanical load must be coordinated with application of the pulsed electric current, i.e.,
the maximum in the current should coincide with the maximum in the mechanical load.
Moreover, an increase in the magnetic induction tends to reduce the amplitude of the
vibrations of the plate with a trend towards a more rapid decay at the stronger magnetic
fields. An increase in the electrical conductivity has a similar effect. As for the electric
current density, an increase in the electric current density tends to decrease the amplitude
of the plate vibrations. Moreover, the effect of the electric current density becomes more
pronounced as the magnetic field intensity increases. Overall, this study demonstrates
that concurrent application of a pulsed electromagnetic load can effectively mitigate the
effects of the impact load in the electrically conductive composite plates.

For the future work, it is recommended to include thermal effects into 2D
formulations for transversely isotropic and laminated plates. Although the FEM
simulation conducted as a part of this thesis shows that the thermal analysis can be
eliminated when the pulsed current is applied, the study of thermal effects on the
mechanical response of the composite plate is important in the case of DC and AC

electric currents.
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APPENDIX
FINAL FORMULATION OF 1D SYSTEM OF EQUATOINS

The Newmark scheme in Eq. (4-1) can be rewritten in the form:

o> fi(y,t+At) 1

> fi(y,t+ A + G (y.1)
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Applying the Newmark scheme (A-1) together with the quasilinearization method
(4-3) to the system (5-11) and (5-12), the final form of the system of governing partial
differential equations for the long thin transversely isotropic plate (1D problem)
subjected to the defined electromagnetic loads and time-varying pressure can be derived
in the following form:
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